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SUSZRY 
A three-dimensional u thod of stress analysis using 
finite element techniques is presented for determining the 
stress distribution in centrifugal impellers. It can treat 
all of the three types of loading possible in an inpaller,, 
viz centrifugal, thermal and fluid. The method has no knc= 
limitations with regards to the geometric factors such as 
asy. nretry of disk, blade curvature, presence of a cover disk 
or shroud, single or double sided impeller etc. 
A caparison of results with available experimental 
photoelastic results is presented with good agreement. The 
problem of the inter-blade bending effect, on the stress 
characteristics of an impeller, with relevance to the number 
of blades is studied in some depth. An insight into the 
effect of blade curvature on the stress characteristics of 
an impeller is also achieved. 
As an extension of the above work, a method is proposed 
for the analysis of the dynamic, behaviour*of imp41lers, 
achieving a reasonable degree of success, particularly 
considering the limited period of time that was available 
for such an exercise. 
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1.1 M EM DLSCP. L PIT ON 
An impeller with lateral vanes (Figs 1.1 and 1.2) presents many 
difficulties for. a rigorous analysis of stress and strain. Týe 
limitations imposed by stress considerations are often the governing 
factor in the optin un design of centrifugal impellers. Application of a 
factor of safety, in order to provide insurarce for empirical methods, 
often results in the use of too much material or too many stages, or 
more usually both. The types of failure that can occur in an . 
impeller 
besides a complete rupture, itrlude certain elastic and inelastic 
deformations causing unsatisfactory operation. For example,, excessive 
growth of an impeller bore may allow the impeller to work loose fron the! 
shaft causing rotor imbalance. Elastic or plastic deformations of the 
cover at the eye can cause a rub on the air seal, and excessive growth 
of the impeller can result in fouling of the casing. Whenever plastic 
deformation takes place, the load is shifted to other parts which may 
not have been designed to take this increased loading. 
Owing to these factors and the extremely high speeds encountered in 
current day impellers (of the order of 30,000rpz), a rigorous analysis 
for stress and displacement is Trost desirable. The first step in such 
an analysis is the determination of stresses and displacements inducedl 
by the centrifugal forces alone. The analysis can then be extended by 
the consideration of stresses due to thermal conructicn and fluid l 
pressure distribution. 
In the past, a number of methods have been presented for the stress 
analysis of impellers. They range freu the early classical solutions 
for the syrmnetric disk, to the recent finite difference and finite 
element analyses for impellers with radial blades. In the early methods 
the preserve of blades are accounted for by a simple assumption of 
distributinyý the mass of the blades uniformly over the disc, either by 
increased specific gravity or thickness. The later concepts include 
achieving elastic balance between disk, blades, and sometimes cover 
plates; or replrairg the blades with a fictitious orthotropic disk 
having equivalent radial strength but no hoop strength. 
In all such cases, the basic assumption is, that the stress an d+ 
displa ercent characteristics in the disk are independent of the angular) 
coordinate, with the apparantly justifiable reason, that when the number 
of blades is large, the periodic cc ponent due to the blades can be 
neglected. This simple assumption reduces the basic three-dimensional 
problem to a two-dimensional axisyý%, retric problem facilitating the use 
of many published prccedures. Vdhilst. the above assumption makes it clear 
that impellers with few blades are not ameanable to such methods, even 
for impellers with a relatively large nurser of blades, great 'care is 
required while using these solutions, since other factors such as the 
shape of the dis! < and the size of the blades influerre"the strength of 
the periodic cocrponent. 
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Recently, several assumptions employed in two-dimensional 
solutions, such as the Kirchoff-Love hypothesis, neglcction of axial and 
shear stresses have been shown erroneous, casting doubts on the accuracy 
of the methods. The literature points to the use of a three-dimensional 
finite elecrent"technique as a means for the realisation of a complete 
and satisfactory solution, although raising fears with regard to the 
large input data involved and the need for larger computer resources. 
In this thesis an effort is made to adopt a three-dimensional 
input 
element method and present a co mtputer package which minimises the 
nput data and computer resources required, suiting better the needs of 
present day industry. In addition to the traditional radial impeller, 
which was the Wedel investigated by most previous workers, the present 
vnrk covers many other important cases, for instance the presence of 
non-radial blades, cover plates, and shrouds. The analysis has no knMm 
limitations with regard to the number of blades or asymmetry of the 
disk. The heat conduction and fluid pressure loading cases, have been 
solved as extensions of the above problem. 
In the available time, atteitpts have been made to extend the work 
to cover the dynamic behaviour of impellers, achieving a reasonable 
degree of success. 
4 
1.2 LT TE MURE SURVEY 
The stress analysis of an axisymiuctrical body under the influence 
of centrifugal body forces has been of considerable importance to the 
industry for a very long time. One can find literature on the subject 
dating back to as early as the year 1850, when Maxwell (Ref. 1) 
considered the classical problem of the rotating disk of uniform 
thickness. It will. obviously be impracticable to review all the 
conceivable methods presented since then. References 2 to 8 are come of 
the early publications cn the subject. Here an atte?: tpt is mach to 
review the chronological development of the methods presented on the 
subject, with the help of sane representative simple, while 
concentrating on some useful developments. 
Jaburek (Ref 9), in the year 1953, presented a solution for 
radially vaned impellers, by considering the vaned disk as approximated 
by an orthoganally anistropic circular plate. Stresses due to 
centrifugal force were presented in the form of superposition of 
virtually plane stresses and super imposed bending stresses. He 
presented results for an impeller, but with. no verification. G]. essner 
(Ref 10), in the following year, presented a method characterised by the 
assu. rption of an elastic balance between the blades, disk, and cover of 
an npeller under rotation. It is not an-exact method and uses certain 
approximations. The results obtained using the above methcd were 
verified with . the aid of an experimental investigation of the bursting 
speeds for a number of impellers. The analytical technique was found to 
predict the burst speed with reasonable accuracy. However, as became 
known later, the prediction-of bursting speed based on maxim un stress is 
unreliable. Kobayashi and Trurkpler (Ref 13)1, pre: ented a 
three-diensional treatment for the calculation of elastic stresses in a 
rotating disk of general profile. The method consisted of a linear 
combination of the states of stress of a basic plane-strain problem of a 
long rotating cylinder, and two -residual problems. The residual 
problems were, one the elimination of surfwe tractions acting on a disk 
which is cut fron e rotating c 1n er, 
__an_ 
fi^=_ Fer the 
_imposnci 
tion o 
prescribed displacements along the disk bore. A finite differee forr, 
was used for the solution.. Though the resül, ts presented were- for disks 
without blades, the effects of asy, m etry of the disk on the stresses and 
the existarce of axial stresses at-the bore in. disks with a hub were. 
clearly' dermnstrated. These two factors later attracted considerable 
attention from Ehe researchers in the field. The different stresses on 
the front and rear of the impeller were presented separately, showing, 
the effect of disk bending. 
Schi? hans1 (Ref 14), showed the errors involved in distributing the 
mass of the blades on the disk of a radial flow impeller, by considering 
the differential growth between the blades and the disk for a simple 
case. He presented a two--dimensional . finite-difference method of analysis for single sided radial flow u llers. Compatibility of the 
displacements and rotations at the blade}-disk junction, was achieved to 
establish the bending stresses, and hence the evaluators of total stress 
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distribution on the front and rear disk surfaces and the blade leading 
edges. Though Schilhansl did not pay any special attention to the 
problem of asy try of the disk, the theory deals with disk asymanetry. 
As krame known later, the Schilhansl technique is one of the most 
accurate of the two-dimensional methods published to date. The main 
assumptions used by Schilhansl were 
1. Stress and displacement 
angular coordinate for 
of'blades (12 or more). 
characteristics are independant of 
impellers with a relatively high number 
2. Radial dispacement varies linearly along'the axial coordinate, 
(Kirchoff-Love hypothesis).. 
3. Shear and axial stresses are considered zero. 9ý 
Results for a typical radial impeller were presented. The radial 
stresses at the disk-blade junction_ were seen to be discontinuous, wile 
e isp aceme is were continuous. The following y year,, . Swansson (Ref 
15) adopted the above analysis and replaced the finite difference 
equations with basic differential equations to attain better accuracy. 
The fourth-order Runge-Kutta method was used for integration of the 
above equations. The predicted bursting speeds of impellers, ' based on 
the maximum stress obtained from the method, were 10 to 15% lower than 
the burst test results. Swansson explained the discrepancy by stating 
that the burst test results were not consistant; and listed a rjurber of 
factors such as the stress pattern throughout the disk, the state of 
stress, the stress gradients, ductility and strain-hardening which 
influence the bursting speed making its prediction based on maximum 
stress unreliable. Swansson obtained very low stresses for the blade, 
and he suggested that for blade stress at the root a stress 
concentration factor would be required. This is a suggestion originally 
made by Glessner (Ref 10) with a stress concentration factor of 1.35 
obtained from tests on cast a uminum a ooyy öf Iöw decti1ity: Th 
cccurarce of c« ressive stresses close to the centre on the front face 
of the disks, as calculated by his method, are said to be due to the 
assumption that straight lines parallel to the axis remain straight 
after deformation. 
Rin'rott and Bell (Ref 16) presented a theory for radial impellers, 
also in 1963 by assuming a parabolic variation of radial. displacement 
along the axial coordinate in place of the linear variation suggested by 
Schilhansl. His other assumptions were that circular secticns become 
paraboloid upon stressing, anc thät-ra-. -diaI strain is continuous but that 
the circumferential strain at the blade-disk junction is not continuous. 
The technigae proposed by Rimrott and Bell senses the presence of 
asymmetrical protrusions and takes their influence on bending and radial 
growth into consideration. 
Also during 1963 an investigation report. (Ref 17) on the stress 
distribution of impeller wheels was published by Wright-Patterson 
Air-Force Base. in that, a theory was presented based on rotating 
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shells, in which the differential equations for moth shells were 
altered to it lu: le, blades free of tangential stress, the influence of 
cantilever rings representing the hub, and any additional loads. A ring 
is considered free of radial stress, which is probably applicable for 
the case of thin rings, and is replaced by an effective length of 
virtual equivalent ring with constant tangential stress in the axial 
direction. Finally, the differential equations were transformed into 
equations of differerces and were solved by use of matrix calculus. A 
study of various parameters such as the slope of the disk (angular 
inclination of disk diaphram) was made. The results given for variation 
in the number of blades showed almost no influence of inter-blade 
bending. The report also contains some information regarding a 
supporting experimental investigation. Experimentally, strain gauging 
on the surface of the disk and be application of the photoe antic 
ro thod in conjunction with a stroboscope for blades was used. The 
report stated that the c öEEra ¬i resuu-Its were äää7. itative, and that 
the strain gauge readings were unreliable as proper temperature 
compensation was not achieved. However, the gravest error in the 
reported experiments would appear to lie in the assumption that a number 
of blades , 
(15 to 18) could be represented by four e uivalent thick 
blades. This particular assu: Ttion would result in large distortion of 
the disk stresses,, as, four blades w ild result in a very high order of 
inter-blade bending stresses, probably invalidating the whole exercise. 
A major investigation in this area, was carried cat by Thurgood and 
Givan at Hawker Siddeley Dynamics Limited. In their first report (Ref 
13), published in January. 1967, they presented a finite-dIfferenre 
theory for the stress analysis of asymmetric profile rotating disks, 
including the effects of blade loading and stiffening in the case of 
single sided radial impeller. The stress results obtained were compared -' 
with experimental results, using the photoelastic stress freezing 
technique. Based upon a previous experience (Ref 19), where 
out-of-plane'defiections of significant order were found to exist for 
cases of relatively thin disks with a high degree of asyrrmRetry; they 
presented an iterative procedure wherein the cut-of-plane deflections 
are added to the asyn etry of the disk, effectively changing it for the 
next iteration, and the iterations are continued until the input and 
output deflections agree within-scare accuracy. However, they suggested 
that when blade stiffening is included and the blades are deep, the 
out--of-plane deflections are small and may be neglected thus avoiding. 
the iterative procedure. They added that this iterative procedure 
should ºe included for all unstiffened disks except those with a low 
degree of as <<. try. For the first time an extension was attempted to, include the effect of inter-blade bending, highlighted by Williams and 
Harries (Ref 20) and their photoelastic investigation of a seven bladed 
imdel fan, which indicated inter-blade bending stresses of magnitude 
comparable with the disk bending stresses due to asyi& trv. The 
extension was achieved by computing the difference in strain energies 
between a bladed stiffened disk and an unstiffened disk, and then 
equating it to that for an un-bladed disk displaced sinusoidally between 
blade root locations. The final stress distributions were obtained by 
superimposing the sinusoidal distributions and the stiffened disk 
distributions. However, this extension was not found to give 
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satisfactory results and hence was not used in their program for the 
calculation of. stresses. 
At this point, it may be worth describing the concept of 
inter-blade bending. In the case of impellers with blades on one side, 
the c. ircuafererce*of the disk deflects axially in the form of half sine 
wave between blade root locations. This effect is at its greatest at 
the cuter radius and disappears towards the inner radius. It is quite 
pronounced for impellers with relatively few blades, and results in 
bending stresses of considerable magnitude. 
Thurg cd and Givaii reported that inter-blade bending is not 
negligeable even for ii ,, llers with a relatively large number of blades, 
(say s`venteen). They based this cot-clusion on their experimental 
results. ' The effect of inter-blade tending is more pronounced on 
tan sntial strc^ses than on radial stresses. They considered the 
presented theoretical analysis to be inadequate for disks with 
relatively large blades, unless a large portion of the blade is assun. d 
to be nor- load carrying. They stated that the stress distributions were 
extrer: raly sus:; eptiable to changes in profile both of disk and blades; 
and cast considerable doubt on the distributions obtained by Rimrott, and 
Bell (Rai 16), where rapid charges of stress were demonstrated, with 
peaks almost anaunting to discontinuities, based on a very limited 
nunter of radial stations. The frozen stress results they reported were. 
considered satisfactory, but they added that there was room for 
improve-ment. " The theory presented included stresses due to terL rature 
gradient but these were not calculated. 
Thurgood (Ref 21), in discussing the problems associated with 
photoelastic n del testing, highlighted the effect of material 
properties on the stress characteristics of rotor and showed that the 
Poisson's Ratio has significant influence, while the effect of Young's 
Modulus was less. If the stresses in a steel pototype were assumed to 
be directly proportional to, the stresses in the epoxy model, it would 
result in slightly over-estimating the stresses at the bore, while. 
grossly under-estimating the stresses in the outer radius. For the case 
of impellers with a few blades, where inter-blade lending would result 
in high circumferential stresses, it is necessary to apply a. correction 
factor, which is a function of radius to the model stresses. 
The second report on asyn zetric impellers by Thurgood and Givan 
(Ref 22) , was based on a recommendation by Smith (Ref 23). They 
evaluated the four analytical tEchnicpes proposed by reCe rences 
14,15,16, and 18. This evaluation was carried cüt by calculating the 
stress distributions produced within eighteen different rotors -by 
rotation. For thirteen of the eighteen cases the calculated-values were 
evaluated against photoelastic stress-frozen test results. The range of. 
rotors examined extended from as metrical unvaned disk to a highly 
asyimiotrical vaned impeller. The stress distributions were presented in 
a systematic and non-dimensional format, which has been adopted for the 
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presentation of the results of the present investigation.. The rotors 
examined in reference 22 were bored and'assumed to be made from Epoxy 
resin; and the vanes of the vaned rotors were assized radial, 
trapezoidal in cross section, unshrouded and on one side of the disk 
only. While all the four methods gave satisfactory results for u+n-vaned 
symmetrically disposed disk profiles, their own method (Ref 18) was 
found to give substantially higher stress levels in the case of un-vaned 
asynm-se-trically disposed disks. The method of reference 18 is applicable 
only for flat bock disks or for disks with minor deviations from that 
condition. - For cases where a high degree of coning was involved, only 
the n thods of references 14 and 15 were satisfactory. For the case of 
vanes] asyr trically disposed disk profiles all the methods predicted 
similar results, except in models with a high degree of coning where 
again their on method resulted ' in much higher stresses. While the 
results were more representative for impellers with a large number of 
blades, they were hardly satisfactory for impellers with relatively few 
blades. Even for the case of impellers with a large number of blades, 
the calculated results for the front surface were not in agreement with 
the e; perimental ones.. Obviously, this is to be expected, since for an 
i ller with a large number of blades, the influe re of the blades on 
the stress characteristics of the disk, is considerable on the front 
surface, 'and evens cut over the angular coordinate as it reaches the 
rear surface of, the Ripeller; making it possible for a tan -dimesional 
analysis to approximate more closely to the correct values on the rear 
face.. 
Chan and Henry: %vod (Ref 24) , pointed out that the evaluation 
carried in the above report is so inconclusive, as to leave doubts on 
the reliability of the two-din; ensional n thuds. They presented a 
three--dimensional finite element solution, for radial i pullers, using. a 
specially developed sector element, to represent the disk. The sector 
element is triangular in cross-section and uses a `ourier forruii. ütion 
enabling the analysis of only one segment of the imieller. The blades 
were assumed flat and to lie in radial planes and are represented by 
triangular me.. rrrane elements. Scope of the analysis is limited to 
radial impellers under, rotation, and cannot be extended to consider 
fluid loading as the blades are represented by membrane elements. 
Results obtained were compared against photoelastic results and 
Schilhansl's finite difference results given in reference 22. Stresses 
presented for a seven bladed model were better than the 
finite--difference ones, proving the capability of a three-dimensional 
finite element solution to take inter-blade bending into account. 
I1'a-r1cver, the stresses presented for a seventeen bladed nmcdel were 
poorer, raising doubts on the accuracy achieved by their finite element 
model. Probably, one could . attribute the apparent errors to the 
accuracy achievable by the early generation finite elements and concepts 
in use at that time. The results presented (Ref 24) were for Poisson's 
Ratio of 0.34, as their solution cannot accept the higher ratios 
(nearing 0.5), appropriate to the photgelastic rcdels. With straight 
edged triangles, the curved surfaces are difficult to model and hence a 
finer mesh is repaired. The later generation isoparametric elements 
allow- much better nxcdelling, while achieving improved rc-curacies with 
relatively coarser mesh. The Fourier approximation used (Ref 24) can be 
9 
replaced with the much simpler Be atablity concept, while re_m_oving the 
restriction of tha analysis to radial bladed impellers only. The banded 
Eit c uticn used ät ýiäý it cän beb rep1äc: ed ith tiie popular and 
more efficient Frontal' solution achieving optimal use of computer 
resources. These and other relevant factors will be discussed in the 
later sections of the thesis. 
Patton (Ref 25), presented an e rimental prcgranme of stress 
analysis using the brittle-lacqu`r and strain-gauge techniques applied 
to a range of centrifugal fan impellers. He concluded that the local 
and bending stresses are of the s order as the direct stresses 
predicted by conventional methods, and proposed a more sophisticated 
theoretical analysis, with one possible approach being. a finite element 
solu t. on. - 
Recent contribution to the literature on the subject, is that of 
Kikuchi (Ref 26). Following a proposal given in two previous Russian 
publications (Refs 27 and 28), he presented a method in which the radial 
blades were replaced by a fictitious solid disk, made of orthotropic 
materials, which give a radial strength equivalent to that of replaced 
blades, but possesing no hoop strength. With this. rrdifying- assunption, 
the whole impeller is treated as the simple case of an axisycnnetric disk 
under, rotation, using a conventional finite element method. He also 
presented photcelastic stress-frozen results for three simple i llers, 
with identical disks but having a different number of blades. The disks 
were of flat back shape and the blades were of constant thickness. 
Kikuchi's significant contribution cis as a thorough examination 
of the various assumptions employed by previous workers in their 
twb7dimensional formulations. He proved than. the Itirchoff-Love 
I'll poth esi. s, 'linear variation of radial displacement along axial 
coordinate', is not valid for rotors with large bore thickness. The 
actual stress distrikhi ion is non-linear and differs rmre where there is 
a rapid change in axial thickness. However, the parabolic variation 
assumed , by Rimrott and Bell (Ref 16) is found to be even more subject to 
error, and the linear variation is still considered to be a better 
choice for two-dimensional finit` differerce foritulations. He stated 
that the linear variation becomes increasingly inadequate-as the number 
of blades increases, and is undesirable for double-sided impellers where 
no'cut--of-plane bending exists. For rotors with a conical profile, the 
variation of radial displacement is linear but is still riot the same as 
the one assumed by Schilhansl (Ref 14). Kikuchi pointed out that 
Rimrott and Bell were wrong in assuming that their propositions would 
result'in zero shear stress. He confirmed the presence of axial stress, 
in- rotors with large bore, as predicted by Kobayashi and Trurrpler (Ref 
13)'. By considering the case of disks with raaltiple point shear and 
radial loading, he concluded that the nor-axisyirmetric stress 
distr. ibutions are not only influenced by the number of loads (or 
blades), but also the magnitude of loads and the geometry of the disk. 
This raises more doubts on the assumption that the stress distribution 
could be considered independent of angular coordinate for 12 or more 
blades. - 
1.0 
In Kikuchi's analysis, though the disk repi., -Y, ing the blades is 
assumed free of hoop strength, some tangential. stresses are produced but 
are disregarded. Like all other tu*-dimensional tn: thcds, the analysis 
produces a discontinuty in the stresses at the blade-disk junction. His 
statement that the mKaxirrum circurtzferential stress at the bore -on the 
rear side of an impeller decreases with the increase in the number' of 
blades, 'rrxild at first sight appear to be questionable. For a typical 
ir:. ller with variable thickness blades, the orthotropic properties of 
the fictitious disk repl,. ing the blades will change not only in the 
radial direction but also in the axial direction. That variation could 
result in the calculation of equivalent orUiotropic properties at tco 
many points, resulting in too many fictitious materials for finite 
element analysis. It would appear to be difficult to adopt the 
analysis (Reif 2G) to deal with fluid loading since the blades are 
reply^e'J by a fictitious disk. Although the technique employed finite 
element analysis, it has shown only a marginal improverrmi nt over the 
finite difference technique of Schilhansl. Kikuchi recor. 4 girded the use 
of a three-dimensional finite element technique for greater accuracy in 
ý', na1 y`iing the Stresses produced in present day im-milers, and hence 
ii creeased confidence in rrteeting the greater demands placed up: )n current 
components. 11'e suggest :d that the aims of such an ; rnsliýsis should be, 
to. minimise the re 'Iire-mnts of the computer core and tiriie, and, the 
*ii; ur, an effort for iq_ut-data preparation. 
The above literature survey leads one to the conclusion that the 
whole series of methods presented so far have not been adequate for a 
satisfactory analysis of impellers with a varied number of blades and 
disk configurations to be made. Following Kikuchi's re omnendations, an 
attempt has been made to develop a satisfactory three--din nsional finite 
element solution and a cc pater package,, which is hoped to suit better 
the needs of present day industry. 
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2.1 GENERAL DESCRIPTION 
The presence of lateral vanes in an impeller necessitates a three- 
dimensional solution for stress analysis. Usually, the displacement and 
stress pattern due to centrifugal, thermal, and fluid loading is repetitive 
over äT1 the blade segments. It is ideal and sufficient if only one blade 
segment is analysed with suitable equivalent boundary conditions. The 
simplest and most elegant way of achieving this in any finite element formu- 
lation, for static stress analysis, is to use the principle of repeatability 
as illustrated in references 29 and 30. This principle proposes assigning 
the same destinations, during structural assembly, for. the corresponding 
nodes on the repeating boundaries of the individual segments of an impeller 
considered for analysis. To apply the principle, it is essential and also 
convenient to treat the problem as a cylindrical coordinate system i. e., 
R-Z-0 coordinates. 
In the finite element formulation adopted, a repeatable segment of an 
impeller is considered, in cylindrical coordinates. The well known finite 
element displacement formulation (Ref 30) is adopted. A frontal solution 
(Ref 31) is used for the assembly and reduction of the resulting large set 
of (load-displacement) simultaneous equations. The novel concepts of 'mini- 
mum integration' and 'optimal sampling of stresses' are used to improve the 
quality of the results obtained. Throughout the formulation, the well estab- 
lished relations and notations of reference 30 have been used. 
2.2 CHOICE OF ELEf1ENTS 
. 
One of the main factors affecting the accuracy and quality of the calcu. - 
iated results, for any finite element solution, 'is the suitability of the 
elements chosen to represent the physical configuration and the actual dis- 
placement and stress distributions within the component under analysis. 
Often the choice made is at best an engineering judgement based on the infor- 
mation available on the elements in the literature, and a priori aqualitative 
assessment of the stress distribution expected in the problem considered. 
The following considerations were made while choosing the elements for the 
current formulation. 
A typ. ical impeller in-general has a solid core at the hub and a plate 
or shell type structure elsewhere in the disc and the blades. The stresses 
vary non-linearly in the hub region and are of plane stress type with super- 
imposed bending stresses in the disc and the blades. The bending, stresses 
arise due to the asymmetry of the disc. The ideal case would be to model 
the hub with solid isoparametric elements (Refs 32,33,30) and the disc 
and the blades with super-parametric thick shell elements (Refs 34,35). 
Unfortunately, the nodal degrees of. freedom'for the two types of elements 
are incompatible and there would be considerable difficulty experienced in 
connecting them. One means of overcoming this incompatibility can be the 
employment of a third set of transition elements (Ref 36) to join the two 
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parent type elements. This method will inevitably increase the colplexity 
of the formulation and the computer implementation. One alternative is to 
use only one type of element for the complete impeller. As the shell ele- 
ments would be unsuitable for the hub region, it was decided to model the 
whole impeller with solid elements. This choice obviously increases the 
size of the problem to a certain extent, since more degrees of freedom 
are involved with solid elements. However, the quality of the final re- 
sults are not expected to suffer as the solid isoparametric elements have 
been proved to give good results, even when one of the dimensions is con- 
siderably smaller than the others (Ref 32). Isoparametric elements can 
also cater for a relatively high order of bending stress, particularly 
when the concepts of 'minimum integration' and 'optimal sampling' are 
adopted. 
In view of the above reasoning, a 20-node isoparametric quadratic 
brick element is used as a parent element, and the 15-node isoparametric 
quadratic prism element is provided as a filler element in modelling. 
2.3. COORDINATE SYSTEM 
The cylindrical coordinate system, along with the displacements con- 
sidered at a point, are shown in Fig 2.1. 
The three-dimensional strain-displacement relationship in a cylin- 
drical-system of coordinates is given by (Ref 30), 
EZ 
Ee 
. vZ 
vr6 
t. 
-vzO. 
where Er, Ez 
au 
är 
Dv 
Z- 
1 aw . !! . + rr ae 
au Dv 
az -k är 
1u aww 
r äe ar r 
aw 1 Dv * 7 30 aZ 
and e are the normal strains, 
vrz, vr© and vZtl are the shear strains, and 
(z. 1) 
u, 'v and w are the displacements at a point. 
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The stress-strain relationship for. the case of an isotropic material 
is given by, 
ar Cr 
vz ez 
a© 
. 
EO 
[DI 
rz rz 
Tre "re 
Tzo 
LVzo J 
where [D] , the elasticity matrix is given 
by, 
(1+v)(1-2v) 
.. I. (2.2) 
Ivv 0 0 
0 
1-V 1-v 
"ý " 0 0 0 1-v 
1 0 0 0 
1-2v 0 0 
2(1-v) 
SYM 1-2 v 0 
2(1-v) 
1-2v 
2(1-v) 
0 
.... 
(2.3) 
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In the above, 
cT r' cTz and a0 are the normal stresses 
Trz' Tr0 and -rz 0 are the s hear stresses 
E and v are the material's Young's Modulus 
and Poisson's Ratio respe ctively. 
2.4 20-NODE ISOPARAMETRIC BRICK ELEMENT 
The twenty node bri ck element in the local natural coordinate system 
and a re presentative map ped element in the actual coordinate system are 
shown in Fig 2.2. 
The shape functions for the el ement (Ref 30) are given as follows : 
Corner Nodes 
Ni =I (1 + Eo) (l -Fno) (1 + co) (o + no + Co - 2) a 
Mid-Side Nodes 
a) for 0- ni = ±1 and ýi = t1 
N =1 (1 - ý2) (1 +n ) (1 + ) i 4 o o 
b) for ni =0 +1 and Ci = ±1 
Ni =1 (1 - n2) (1 + Co) (1 + o) -4 
c) for. 0 i= 
+1 and' 
Ni l (1 - r, 2) = (1 + ) (1 +n ) 4 o o 
.. ,. (2.4) 
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Where 
o -- 
ý gi 9 no =n ni . and ýo =C Ci 
in which &i , TI., and ri are the local natural coordinates of node i. 
For example, for the element nodal configuration, as shown in Fig 2.2 
the above expressions yield, 
For corner node i=1 
and _ -1 
N1 - (1 - ý) (1 - n) (1 - ý) . 
(- -n-- 2) 8 
For mid-side node i= 15 
_ +1, ni 0 and ri = ý1 
Nis =1 (1 - n2) (1 - ý) (1 + 4 
The actual coordinates r, z and 0 of a point within an element, pres- 
cribed in natural coordinates ý, n and can be given by the -following 
. coordinate 
transformation relationships. 
r N1 ri + N2 *r2 ++ N20 rzo 
z= N1 Z1 + N2 Z2 +.... + N2o Z20 
0= N1 01 + N2 02 + N20 020 
.... (2.5) 
Where NI'to N20 are the shape functions as defined in Equation (2.4), 
and rl, zl and 61 to r20, z23 and 020 are the actual coordinates of the 
element nodes. 
Similarly, the displacements u, v and w at any point prescribed by 
rý and C, within an element are given by, 
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ul 
Vi 
w, 
u Ni 00 N2 .... 00 u2 
v=0 N1 00.... N20 0 
w 0' 0 N1 0.... 0 N20 
% 
V20 
N W2C 
(2.6) 
-where u,, vl and Ill to u20, v20 and w20 are the element nodal 
displacements. 
The differential operator matrix [L] relating the strains and 
displacements at any point, viz 
Cr . 
£8 [L] 
.v 'vrz 
W. ßr6 
vze 
is obtained from Eqn (2.1) as, . 
[Lj= I 
a o 0 ar 
O az 
i 0 ia 
r r ae 
a a 0 aZ ar 
0 - r ae - rr 
0 1a 3 F aä Dz a 
.. (2.7) 
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The strain matrix LBj is then obtained as 
[E] _ [L] "CNJ from Eqns (2.6) & (2.7) 
or [Bli = [L] [N]1 for i=1,20 
aNi 00 
Dr 
0 aNi 0 az 
and [B]. i = 
1Ji 01a Ni 
rr 30 
aMi ON p... 
az ar 
.. (2. ß) 
i aNi 0 aNi Ni 
1, Do ar-r 
01 aNi aNi " 
r To az 
The partial derivatives 
Ni 
, 
aazi 
and 
as ' 
cannot be evaluated 
directly as Ni are defined in ,n and They are obtained as follows. 
We can write, 
aNi aNi Dr ; Ni az + 
aNi 30 
ar `ä+ az 'ä ae äE 
; Ni aNi ar aNi az aNi ae 
an r ar äF az all + ae an and 
aNi aNi ar Ni aaz + aNi ae 
aý = ar az aý 30 ac 
aNi aNi 
aý ar 
or aNi = 
CJ I ; Ni .... (2.9) 
1 an az . 
aNi aNi 
ac äe 
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where, 
ar ax ae 
. 3& aý 
Cý 
1= Wir' az a8 
J ' an an an 
-B-r 
3-Z 
aý aý aý 
NOV!, we can write, 
; Ni aNi 
ar 
aNi aNi 
az an 
aNi aNi 
ae aý 
d 
.... (2.10) 
In the above, [J1 is called the Jacobian transformation matrix, 
and its elements are evaluated using the relationships given in Eqn (2.5). 
For example, 
3r 
=i"r for i=1,20 
The stiffness matrix [K1 of an element is obtained from the 
following volume integral, 
2.11 .... ý) 
[K? 
oXsý -f 
[BjT 
soxs 
[D] 
sxs 
[B] 
exr, o 
dv 
vol 
The evaluation of the above integral requires the use of a 
numerical integration process, which is elaborated in a later section. 
The calculation of the stiffness product B10g, is easier to program in 
the above form as it stands, büt would result in some waste computation 
due to the presence of zero coefficients in the [Bl and(Djmatrices. It 
is found that as much as 50% saving in element stiffness matrix comput- 
ation can be achieved (Ref 30) by prograniining the explicit triple product 
of BTDB, obtained for a pair of nodes i and j as described below. 
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From Eqn (2.11), the submatrix Kij, of size (3 x 3), relating 
to a pair of nodes i and j can be written as, 
[K1] 
vö'l 
llil T. [D] . 
rBj] 
" dv .... (2.12) 
3x3 
3x6 6x6 6X3 
where i and j varies over. node numbers from 1 to 20. 
The Stress matrix [Qjl _ 
[D] CBjJ for any node j is given 
using Eqns (2.3) and (2.8) by, 
aN. N. aN. 1 aýJ. (D1ä + D2--) D2 az Der 
ae 
E(1-v) 
[QJ- 
+V 2v 
6X3 
aN. 
(D2 -+ 
N. 
D2- 
3N. 
Di-J-' I 
ZN. 
Der ý© 
aN. 
(DZ a+ 
N 
D1 r 
aN 
D17 
aN 
IT --- 
aN. 
D3ä 
aN. 
D3- 3 0 
Dr 
e 0 
ay. N. 
J Da(ar 
rý 
aN; n 
aNj 
L0 D3-r'" '' "Z ae 
where D1 = 1, D2 V and 
D3 =2 -2V 
Further, the triple product matrix [k] *of Eqn (2.12) is 
given by, 
[K] f [Bi1T [QJ dv 
vol 
(2.13) 
or, 
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I ii] =f 
3X3 
Vol 
ar Qll + 
Ni Q31 
+ arJi 
1 aNi 
aZ 
Q'+ 1r ae 
QSI 
M Q21+ aä, ' n« 
aärQ12+ Ni 
t32 
+3mi DZ . 
aNi Q22+ aNi Q4'2 
aZ ar 
+1! q r ae ea 
00 
IxdV 
F-8 Q31 + 
ffli 
_ 
Nib Qsl 
ar r 
I ; Ni 
r ae 
Qs2 
az 
where Q11, Q, 2.... etc. are the elements 
(2.13); and the partial derivatives. 
M 
ar 
using Egri (2.10), where they are related 
aNi Mi a14i 
a" 31 -n and -3ý 
The local derivatives of the Shape 
Eqn (2.4), are as shown below. 
Ni aQ13+ Nr Q33 
1 aNi Q53 
r ae 
aNzi Q23 a 
+1 
Ni 1Q 
r ae 
63 
1 aNi Q33 
rN 
+(a1Ji _ 
Ni) Q53 
. 
Dr r 
aNi Q63 + 8z 
6a (2.14) 
of the 
äP 
A as defined in Eqn 
Zand 
as' 
are obtained 
to the local derivatives 
functions Hi, as given in 
Corner nodes 
aiai 1 (1+n) (1+r, )(2E +n + -1)E 3ý -80o000i 
Mi 1 (1 + ý) + )('n +r+ 1) n an -o0oö o- i 
M. 
-8 (1 + X0)(1 + no)(2c0 + Co + no - 1) ýý 
0 
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Mid-Side nodes 
a)i =0 ni =± 1 Ci _1 
ä+ no) + ý0) 
Ni jo) 
ný + 
ýý t2)(1 + no) ýi 
b) ni =01=±1 rj =±1... ... 
aaFi 
_. (I _ 112)(1 + ýo) i 
an' _-2 n(1 + X0)(1 + 9o) 
aä i_ (1 _ n2)(1 +o) ýý 
c) 0i=±1 ni =±1 
aä' 1 (1 - C2)(1 + no) i 
Ni ä- 1 (1 - C'M + Flo) n1 
aäß 
=-Y ý(1 + &0)(1 + no) .... (2.15) 
The computation of element stiffness matrices can be made more 
efficient, by use of an alternative formulation (Ref 37), for problems 
which have isotropic material properties which are constant within an 
element. This formulation is based on the internal-energy concept and 
23 
uses Lame's constants in place of elastic constants for the material. 
However, since the formulation proposed by reference 37 is only valid 
for isotropic materials, in order to keep generality of the formulation, 
it has not been used in the current analysis. 
2.5 15-NODE ISOPARAMETRIC PRISM ELEMENT 
The fifteen-node prism element in the local natural coordinate system 
and a representative mapped element in the actual coordinate system is 
shown in Fig 2.3. 
The shape functions for the element (Ref 30) are given as follows: 
N1 = Li(2Li - 1)(1 + ý) - Li(l -ý2) 
Nz = Lz(2L2 - 1)(1 + ý) - L2(1 -C 2) 
N3 = L3(2L3 - 1)(1 + C). - L3(1 -C2) 
N4 = Li(2Li - 1)(1 - C) - Z L1(1 _ 2) 
Ns = L2(2L2 - 1)(1 - C) - L2(1 _C2) 
Ns = L3(2L3 - 1)(1 - C) - L3(1 -C2) 
N7 =L1(1- C2) 
N8 = Lz (1 -C2) 
N9 = L3. (1 _C2) 
Nlo = 2L, L2(l + C) 
N11 = 2L2L3(l + r, ) 
N12 = 2L3L1(l + C) 
N13 = 2L1L2(l - 
Pala = 2L2L3(l - 
Nis = 2L3Li(1 - C) to .. (2.16) 
where L1, L2 and L3 are the natural coordinates, for the triangular cross- 
section, described as area-coordinates, and ý is the natural coordinate 
along, the length of the prism. 
The procedure employed to evaluate the element stiffness matrix [K] 
is identical to that described previously for the 20-node element: All the 
relations from Eqn (2.5) to Eqn. (2.14) are valid, with the obvious change 
in number of nodes to 15, in place of 20.. The resulting element stiffness 
matrix is of size (45 x 45). 
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j 
However, the evaluation of derivatives aa ar ,s 
i 
in Eqn (2.10) is not straight-forward in this case as 
LI, L2, L3 and ý are one more in number, resulting in 
Jacobian matrix IJ7 whose inverse is sought. But, w 
mathematical manupulation the situation is overcome. 
and aae as described 
the 'local coordinates 
a rectangular 
ith the following 
Using the inter-relation of area-coordinates, L1 + L2 + L3 = 1, 
a new set of fictitious local coordinates C and n are defined by, 
_ 
L1 
Ti = L2 and 
1 Ti _L3 
It is now possible to write 
aNi aNi 2_L, aNi" aL2 aNi aL3 
a äLý ac + K2 ay + aL3 
aNi aNi 
aNi aNi aNi 
all - aL2 aL3 
With the derivatives @11' and 
Ean 
in Eqn (2.10) is now applicable to the 
The local derivatives of the shape 
obtained using the above relationships, 
and similarly 
2.6. LOAD VECTOR DUE TO ROTATION 
S. "s 
0... 
available, the relation given 
15-node element. 
functions*aM' ä, and 
are listed in Table 2.1. 
The centrifugal body forces developed in an element due to the 
rotation of an impeller, are represented in-finite element formulation 
as follows. 
(2.17) 
(2.18) 
If br, bz and b0 are the cömponents of body force per unit volume 
in the radial, axial and tangential directions respectively, the equiv- 
alent load vector is described by, 
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r- 
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zl)Ir 
cD Co 
ZIC7 
Co 
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iý ýý 
o -0 o 
oz 
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"111 
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111 
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1111 
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26 
ýf = J [N]T {bi dv 
Vol 
br 
where {b} = 
bz 
be 
For the case of cent rifugal loading, 
br =pcJr, bz =0 and b0 =0 
where p is the mass density of the material 
w is the angular velocity in rad/sec 
r is the radius. 
With this, th e load vector for 20-node element is 
N1 0.0 
0 N1 0 
0 0 N1 
b 
r 
f) f 0 dV 
Vol 0 
1.420 0 
0 N20 0 
0 0 N20 
0a 
I. 
.. (2.19) 
'(2.20) 
or 
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or ff}= f 
vol 
Ni br 
0 
0 
N2 br 
N20 br 
0 
I' 
" d`! 0.90 
uJ 
Similarly, the load vector for the 15-node element is, 
Ni br 
0 
0 
N2 br 
fý= f dV 
vol- 
Pd 15 br 
0 
0 
4. 
.. 
(2.21). 
(2.22) 
I 
28. 
0 
2.7 NUMERICAL INTEGRATION 
The explicit evaluation of the volume integrals encountered in 
the calculation of stiffness matrices and load vectors is unrealistic 
due to the complexity of the expressions involved, and numerical 
integration is usually employed in order to obtain ä solution. The 
numerical integration, while necessary, also helps in simplifying the 
computer implementation of element routines. 
The volume integrals encountered, viz Eqns (2.11) and (2.19) 
are of the form f 40, where ý is a function of the local coordinates 
v 
rr and C, which take values between ± 1. To evaluate these integrals 
the variables and the limits of integration need to be transformed as 
follows (Ref 32). 
f(n, ý) dV = fff (E,. n c).. dr dz r do 
V 
+1 
= 
+1 +1 a r, z, 6 !!! ý (E, n, 0r dE do dý 
-1 -1 -1 a(ýgn, d 
ar - az ao 
and a r, z, 0 _ 
ar az 
an an 
ýr az 
aýaý 
.... (2.23) 
ae 
ae 
The above'is the determinant of the Jacobian transformation 
matrix as described in Eqn (2.9). Eqn (2.23) can be written as, 
+1 +1 +1 
f dV j1 
1 .f( 
n) det (JJ r dý do dC 
o 
(2.24)' 
(2.25) 
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Gauss Quadrature 
The Gauss Quadrature formulae (Ref 30) are ideally suited for 
the evaluation of integrals of the type in Eqn (2.25), and they give 
increased accuracy for a given number of sampling points. 
The basic formula for a line integral takes the form 
+1 n 
ff (E) dý =ý Hi f (; i) .... (2.26) 
i=1 
where n is the number of sampling points 
Ei specifies the position of sampling (integration) point 
and Hi is the corresponding weight coefficient 
The above formula can be extended to integrate the volume of 
a light prism as, 
+1 +1 +1 nnn 
ff1f(, n, c) d dgl dc = IXIH. H. Hin f (y> >nj S'cm) 
M=l i=l i=1 
0.0. (2.27) 
where n is the number of sampling points in each 
direction (which can be different) 
&i, nj & ým specifies the position of a sampling point 
in the light prism 
Hi, Hi & Hm * are the corresponding weight coefficients 
the abscissae and weight coefficients of Gauss Quadrature points 
for various orders of integration, of a line integral, are given in 
Table 8.1 of reference 30. 
. Triangular Regions 
The integrals encountered in the evaluation of the stiffness 
matrices for triangular elements are of the form fý (L1, L2, L3) dA 
as the shape functions are defined in area cordinAates L1, L2 and L3. 
The Gauss Quadrature described earlier is not directly applicable, 
however sampling points defined in area coordinates are used in a 
similar fashion. 
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As the area coordinates are inter-related by the expression 
L1 + L2 + L3 = 1, one could define L3 in terms of L1 and L2 . Thus the integration need to be carried out with respect to only two 
independent variables L1 and L2 . 
As in Eqn (2.17), if we define = L1, n- L2 and 1-C-n = L3, 
we can write for a triangle defined in the r-z plane as, 
1 1- a r, z f (L,, L2, L3) dr dz =ff (L,, L29L3) 
(r, z) dry dý 
Area aa 'n) 
0040 
(2.28) 
ar az 
a r, z and = .... (2.29) (C3'n) ar az 
an an 
which is the Jacobian determinant. 
To evaluate the above integrals, an expression similar to the 
Gauss Quadrature is given as follows (Ref 30), 
1 1-L1 n 
fff (L,, L2, L3) dLz dLl =I Hi fi(Li, L2, L3) 
00 i=l 
.... (2.30) 
where n number of sampling points in the triangle 
f1 position of the sampling point 
Hi the corresponding weight coefficient. 
It is interesting to note that the summation expression in the 
above equation does not give any bias to any of the natural coordinates 
L1, unlike the integral on the left hand side. 
A series of sampling points and weights, for various orders of 
integration, are given in reference 38, and are reproduced in Table 8.2 
of reference 30. During the current investigation, a new set of 
integration points for triangles, suiting Eqn (2.30), and evolved from 
the basic Gauss Quadrature points, are identified (Ref 39). 
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Triangular Prisms 
Fror the view-point of integration, triangular prisms are hybrid 
in that they possess a triangular cross-section with a longitudinal 
axis, as shown previously in Fig 2.3. The type of volume integrals 
encountered in. the stiffness expressions are of the form 
fl4 (Li, L2, L3, ý) dV 
vol 
As in Eqns (2.25) and (2.28) the integrals can be written as 
+1 1 1-& 
Vol 
f$ (L,, Lz, L3, ) dV ý3fffý (L1, L2, L3, ) detIJIdn dC. dý 
(2.31) 
0060 
where ý-L1, n=L2and 1-ý-rj=L3 
By combining the integration. formulae of Eqns (2.26) and (2.30) 
it is possible to write 
+1 1 1-L1 
ffff (L1, Lz, L3, ) d Lz dLl dC 
-1 oo 
nl n2 
H. H. f( (L1, L2, L3)., .).. .. 
(2.32) 
i=1 j=1 IJJ. 
where nl = number of sampling'points in the triangular 
cross section 
n2 = number of sampling points in the longitudinal 
direction 
Minimum Integration 
With numerical -integration employed in place of an exact solution, 
an additio-nal error is introduced into the calculation. At first sight 
it would appear that this should be reduced as much as possible by the 
use of a higher order of integration. Early generation programs used a 
comparable amount of computer time for the generation of elements as for 
the subsequent solution of equations. Later research has proved that 
it is often a positive disadvantage to use higher orders of integration 
than those actually needed and necessary just to preserve the rate of 
convergence which would result if exact integration were used (Ref 30). 
For a number of reasons, the cancellation of errors due to discritiz- 
ation and inexact integration occurs, thus improving the quality 
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of the results obtained. The improvement so obtained is significant 
particularly for the case of near incompressible materials, with 
Poisson's ratios near 0.5. In such cases the higher order integrations 
fail to produce any meaningful results. 
The integration points chosen, for the two elements considered, 
are as follows. 
20-node Element 
The evaluation of volume integrals involved in the calculation 
of the stiffness properties, is carried out with. the use of the Gauss 
Quadrature formula as described in Eqn (2.27). The 2x2x2 Gauss 
points, which are recommended for minimum integration (Ref 30), are 
used. At this point it is worth mentioning the difficulties experienced 
with these points at the early stages of the current investigation. 
The simple classical problem of a ring under centrifugal pull was 
considered, to prove the elemen routine. A sector of the ring was 
treated as a repeatable segment and was modelled with three 20-node 
elements joined along the length of the sector. With a normal solution, 
the displacements obtained were such that the average radial growth 
agreed with the classical solution, but parabolic distortions were 
observed on the sides of the sector cross section as shown in'Fig 2.4. 
With diagonal decay criteria incorporated in the solution 
(Refs 31,40) the program failed during Gaussian elimination, showing 
extreme diagonal decay due to round-off damage. This failure indicated 
some ill-conditioning of the stiffness matrix of the structure. Further, 
when the 2x2x2 rule was replaced by a3x3x3 rule or 14-point rule 
(Refs 41,. 42) for integration, satisfactory solutions were produced. 
It was thus concluded that this particular form of structure falls into a 
special category wherein the minimum integration procedure leaves room 
for mechanisms, even though it does satisfy the broad rule laid down in 
reference 30 "that the number of independent relations supplied at all 
the integration points should be more than the total number of unknowns 
(displacements) for a non-singular stiffness matrix". In a recent 
publication (Ref 43), Irons confirmed this experience and explained the 
phenomena under the heading "Mechanisms". 
The 2x2x2 rule gave no difficulties such as those described 
above when used for the case of a complete segment of an impeller. 
In fact, the results showed improvement over those obtained using a higher 
order of integration, confirming the earlier research on "minimum 
integration". It gave excellent results even for the case of materials 
with Poisson's ratios very near 0.5. In view of these satisfactory 
results, the 2x2x2 rule is adopted as a final choice. 
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15-node Element 
The evaluation of volume integrals is carried out using the 
expression -in Eqn (2.32). The Gauss Quadrature 2-point formula (along 
the axis of the prism) and the 3-point formula for quadratic integration 
of triangles are combined to produce a2x3 rule for the integration 
of triangular prisms. 
2.8 THE PRINCIPLE OF REPEATABILITY 
It is'well appreciated that symmetry of a structure can permit'a 
considerable reduction in the size of the problem, achieving significant 
economies inthe cost of analysis. However, in numerous cases a 
repetition of structural form and loading is present although no axis of 
symmetry exists. In such cases, similar economies can be achieved by 
the use of the principle of repeatability (Ref 29). 
Consider the case of an infinite blade cascade (Fig 2.5(a) ). 
It is evident that each segment behaves identically to the next one, and 
thus such functions as displacements and stresses are identical for each 
segment. 
Isolating a typical segment between sections AA and BB (Fig 2.5(b) ) 
for analysis purpose a stiffness relationship can be written-as follows: 
KII KIA KIB IF10 
KAA KAB °A = FA + RA 
.... 
SYM KBB 6B FB RB 
where {61 lists the displacements, {Fi the active forces and IR} 
the reactions from the removed 'structure. The subscripts I, A and B 
represent the nodes present internally, on section AA and on section 
BB respectively. 
As all the segments are identical, it is evident that 
I= f6B I and tRA) =- (RB .... .. 
Using the above relations, Egn"(2.33) can be rewritten as 
ftiI 
KIA + KIB 
JI 
FI 
[svhi KAA + KAB + K6ýl + KBB 6A tEA FS 
(2.33) 
(2.34) 
(2.35) 
3ý 
The result is significant and can be achieved directly by the 
usual process of structural assembly by identifying the. nodes on 
sections AA and BB a priori. 
A principle of repeatability can be stated as follows, "if a 
system composed of a series of segments identical in structure and 
loading is considered it is only necessary to perform analysis on one 
typical segment identifying the nodes on the two sections which isolate 
it from the rest of the system". 
In Fig 2.5(a), an alternative repeatable-segment is shown between 
sections CC and DD. Thus what constitutes a repeatable segment is 
completely arbitrary. For cases of rotational repeatability, such as 
occur in the analysis of centrifugal impellers (Fig 2.5(c) ), repeatable 
sectors are considered. This is only possible if they are treated in 
a cylindrical coordinate system. 
2.9 ASSEMBLY AND SOLUTION 
_... ý' ' 
The stiffness relation for the complete structure takes the 
general form 
[K] f s) =f f} + tR} .... 
(2.36) 
where [K] = the stiffness matrix of the structure 
J6) = the vector of displacements 
{f} = the vector of loads 
and .{ R} = the vector of reactions 
The load vector in its general form is a sum of one or more type 
of loads acting on the structure, and is comprised of induced body forces, 
surface forces, forces developed due to initial strain, and forces 
developed due to the presence of any residual stresses. 
The structure stiffness matrix and the load vector are assembled 
using the relations 
K1j* = Keß and fi =£f? ..... (2.37) 
where Keß and fý are the corresponding element coefficients, with a 
sum taken over all the elements in which they occur. 
Boundary Conditions 
and fi = 
For a structure with n number of degrees of freedom, the matrix 
Eqn (2.36) will result in a set of n simultaneous equations and'can be 
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solved for n unknowns comprised of displacements and reactions. If a 
structure is constrained at the points of constraint, the reactions are 
unknown, whereas the corresponding displacements are known (zero 
displacements)., Elsewhere, the displacements are unknown with known 
zero reactions. In all such cases, the equations corresponding to the 
known displacements are deleted from the matrix Eqn (2.36), and the 
rest of the simultaneous equations are solved for the unknown displacements. 
However, in practice, more convenient numerical methods which can prescribe. 
the displacements without the need to delete the corresponding equations 
are available. In situations where structures develop no external 
reactions, all the displacements are unknown. One such case being an 
impeller under rotation. In such cases a solution of the equations 
will be singular unless the rigid body displacements are supressed. In 
fact, the structure stiffness matrix CKJ in its full original form is 
singular and possesses no inverse. To supress the rigid body displace- 
ments a priori, it is necessary to identify them for the structure 
together with the considered finite element idealisation, and then to 
constrain a certain minimum number of degrees of freedom corresponding 
to the rigid body modes. The choice is arbitrary, but it is important 
that care is taken to avoid any introduction of additional strains in 
the structure. For the case of an impeller, modelled with solid elements, 
two rigid body modes are possible; -one in the axial direction and the 
other in the circumferential direction. It is enough if two correspond- 
ing degrees of freedom are constrained at any one node in the structure, 
to remove the rigid body displacements. 
Solution of Equations 
tore than one numerical method is available for the reduction of a 
set of simultaneous equations, with the Gaussian reduction being more 
commonly used. For large structures, it is impossible to store the 
complete stiffness matrix in the high speed core of a computer. All the 
solutions adopted for finite element analysis take advantage of the large 
number of zero coefficients present and go for some form of banded 
solution wherein mostly non-zero coefficients are stored in'the computer. 
However, for the case of practical and three-dimensional structures the 
size of the matrix is so huge that even such solutions are inadequate. 
In ring type structures, the additional factor is the unavoidably large 
band-width which makes any banded solution inefficient. The alternative. 
approach', which is very popular and ideally suited for finite element 
analysis, is the frontal solution. 
Briefly, in a frontal solution, the assembly and reduction of the 
structure stiffness matrix and the load vector proceed simultaneously. 
At any given point of time, only a part of the matrix corresponding to 
the active variables is in high speed core. It is an element biased 
algorithm, as the assembly process is carried after the introduction of 
each element and the mature variables are reduced immediately after that. 
By a judicious choice of element sequence to the assembly, the high-speed 
core requirements can be minimised. The frontal solution has added 
flexibilities such as the re-solution of new load vectors without the 
need for the reduction of the matrix all over again. 
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There are other major benefits occuring as a result of the frontal 
concept. One such advantage is that the nodal stress averages can be 
evaluated with minimal effort using the basic froptal logic. For more 
detail, indepth understanding and actual usage, the reader is referred 
to the original publication (Ref 31) on the subject. References 44 
and 45 give more applications of the basic -frontal concept in other areas 
such as dynamic analysis. 
2.10 EVALUATION OF STRESSES 
A most important and useful output from any finite element analysis 
is the stress distribution. As outlined in the preceding section, once 
the set of'simultaneous equations relating the acting loads and displace- 
ments are solved all the displacements of the structure can be determined. 
In effect, the element nodal displacements for any element are available. 
The displacements of any point within an element can be obtained 
using the Eqn (2.6). The strains and stresses at the point can then be 
calculated using the strain-displacement Eqn (2.1) and the stress-strain 
Eqn (2.2) respectively. Thus the stresses at any point within an element 
can be evaluated once the element nodal displacements are known. 
Usually, stresses are produced at the nodes of a structure and 
they are computed as an average of the stresses obtained from. the elements 
surrounding a node. Using the procedure described in the preceding para- 
graph, it is possible to calculate the stresses at the nodes of an element 
directly. However, the literature on the subject points out that such 
directly calculated stresses are relatively poor in accuracy (Ref 30). 
It is suggested that improved accuracy could be achieved by evaluating 
the stresses at the optimal sampling points, which are defined a priori, 
and then extrapolate the stresses at the nodes using these values. 
Such a process is called 'local least squares stress smoothing'. More 
details on the subject are available in reference 46. 
In the following the optimal sampling points chosen for the two 
types of elements considered, together with the. derivations of the 
stress smoothing matrices, are outlined. 
20-node Element 
In reference 47 the optimal sampling points are identified for this 
element, which happens to correspond to the minimum integrations points. 
The position of the eight sampling points within an element are marked 
in Fig 2.6. 
The smoothed stress a at. any point within an element, may be 
described by a trilinear expression (Ref 48) as follows: 
Q (Fng) = a1+ a2 c+ as n+ aal + as En+ a6 EC + a7 n+ as ýnr. 
.. 0. (2.38) 
where ý, n and ý are natural coordinates of any point within an element 
and al to a8 are the constants of the equation. 
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Using the above expression it is possible to write a set of 
eight simultaneous equations, corresponding to the eight sampling 
points, which are known and identified as i to viii. They are 
written in matrix form as, 
all 
. 
Cr viii 
I E. p. ý. Ein. ýiýi n. ý. . pc al 
' .. a2 
' 
viii 
nviii 
viii 
ýviiinviii ýviiiýviii nviiiýviii ýviiinviiiZViii, a8 
P .... (2.39) 
The constants al to a8 can-be obtained as, 
al Qi 
a2 Qii 
(2.40) 
a8 
VI i 
The smoothed stresses at the element nodes can be written using 
the Eqn (2.38) in matrix form as 
Einici a, 
Q2 a2 
Q20 i 2O n20 C2O 2onio ýZOC20 n2O 2O" S201120 C20 ao 
y 
P' 
.... (2.41) 
38. 
0 
Combining Eqns (2.40) and (2.41), 
Q1 ý1 
a2 011 
- Isl . 
a2 D_j cr vi ii 
k 
where [S] = 
[P'1 
- 
" 
[P] 
20X8 20X8 8X8 
The matrix [S3 which is called 
stresses at the element nodes to the 
As its coefficients are functions of 
the actual coordinates) of the nodes 
advisable to calculate it only once 
computation for the same. 
15-node Element 
(2.42) 
.. (2.43) 
the smoothing matrix, relates the 
stresses at the sampling points. 
only the natural coordinates (not 
and sampling points, it is 
and store it, to avoid repetitive 
The optimal sampling points for this element are not identified 
in the literature. However, if optimal sampling points for a 6-node 
quadratic triangle and 3-node quadratic line element are available, it 
is possible to combine them to get a set of points for this elememt, 
similar to the case for integration points. For a 3-node line element 
the optimal points are the same as the quadratic minimum integration 
points, defined by the 2-point Gauss Quadrature. But, for the case of 
a 6-node triangle, the optimal sampling points suggested in the 
literature (Ref 30), which are the four cubic integration points* 
defined in area coordinates, are not convincing and at best are an 
arbitrary choice. At this point of the current investigation, trials 
were made to define optimal sampling points based on the locus of the 
Gauss Quadrature points. - It resulted in a set of new integration 
points in area coordinates for the triangles and was reported separately 
in reference 39. The 3-point quadratic integration points. thus 
obtained for triangles, were combined with 2-point Guass Quadrature 
points, resulting in six sampling points within the prism which are 
shown in Fig 2.7. The same points can be used for minimum integration. 
A trilinear expression may now be written to define the smoothed 
stress a at any point within an element as Follows: ' 
Q (L1, L2, L3, ý) = a1Li + a2L2 + a3L3 + a4L1ý + 
a5L2ý + aGLg .. (2.4-4) 
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where L1, L2, L3 and C are the natural coordinates of any point within 
an element and al to a, are the constants of the equation. 
Using the above expression and the coordinates of the six sampling 
points i to vi, a set of simultaneous equations in matrix form can be 
written as . 
of Li 
Q. ii 
Zvi Li 
vi 
L2 L3 L1ý 
1111 
L2ý 
ii 
L'2 L3 Li-ý L2 
vi % vi vi vi vi vi 
P 
L3C 
ii 
L3 ý' 
vi vi 
.0 
al 
a2 
a6 
00 
The constants a1 to as can be obtained as 
lau Qi 
a2 
LaU 
Lavi 
The smoothed stresses at the element nodes can be written in 
the matrix form as 
Cr 1 
L1 L2 L3 L1 L2i L3 a1 
1 1 1 i 
02 a2 
U15 L1- L2 L3 L1 L2 r L3 aG 
L'5 15 15 15 15 15 15 15 15 
, 
p1 
(2.45) 
(2.46) 
(2.47) 
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Combining Eqns (2.46) and (2.47) 
UZ jQ1 
Cr2 1ij 
_ S. . 
615 ýV'1 
where l 
s]sx6 EI 1q 
5x6 
rr1 
1 6X6 
Once again the smoothing matrix 
at the element nodes to the sampling 
only once for the element. 
2.11 THERMAL LOADING 
.. 
[S1 which relates the stresses 
points, needs to be calculated 
Structures can develop internal stresses when they are subjected 
to temperature gradients. As an example consider the case of a 
structure divided into fictitious three-dimensional solid elements 
which are subjected to a temperature distribution. Suppose all the 
elements are separated and allowed to expand freely subjected to their 
respective temperatures. For this case there will be no internal 
stresses developed in the elements. If these freely expanded elements 
were assembled, one would expect a misfit due to the differential 
growth of the elements. However, if the elements were now contained 
within the original geometry of the structure, the misfits would dis- 
appear resulting in the development of internal stresses. 
(2.48) 
(2.49) 
In finite element analysis- the above result is achieved exactly, 
but in a different manner. In the above, an element was allowed free 
expansion, before assembly. One could achieve the same expansion 
by an equivalent set of external forces, replacing the temperature rise. 
If'such equivalent load vectors are determined for all the elements 
and are assembled, the resulting load vector for the structure would 
produce identical displacements of the structure, as the temperature 
distribution which it replaces. The so-called misfits during assembly, 
in the earlier explanation, are now taken care of analytically in the 
assembly of the structure load vector. 
The strain at any 
thermal strain plus the 
thermal expansion does 
differential growth is 
resulting stress. In 
are presented. 
point in the structure is the result of free 
a strain due to differential growth. As free 
not produce a stress, only the strain due to 
to be considered for the calculation of the 
the following, the appropriate-matrix relations 
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As mentioned previously, the load vector in the stiffness 
Eqn (2.36) is of general form and can be due to initial strains in 
the structure. Thermal strain is a type of initial strain for the 
purpose of analysis. 
The element load vector, due to the initial strain {co} in an 
element, can be given as 
{f) =vf CB 
f [D] {e01 dV ,.,. (2.50) 
For the case of an isotropic material, the'thermal strain will 
contain only normal strains and no shear strains, and it takes the 
form 
Cr aT 
sZ aT 
so aT 
Col =ý= .0 E rZ 0 
Ere 0 
ezo 0 
where a is the-linear coefficient of thermal expansion 
for the material 
and T is the temperature rise. 
Substituting the Eqns (2.3), (2.8) and (2.51) the explicit triple 
product of Eqn (2.50), for any node i, can be written as follows, 
1Ni 
+ 
Ni 
[fi} =f+ 2D2) " aT " 
ar r dV 
vol (l+v)(1_2v) a Ni 
Dz 
1 aNi 
r ae . 
(2.51) 
.. 
(2.52) 
where D1 -1 and D2 =v 
1-v . 
The volume integrals in the above expression are evaluated using 
numerical integration, as described previously. 
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The temperature T at any point (integration point) within an 
element can be evaluated using a similar relation to that given in 
Eqn (2.5) 
T =. j Phi Ti .... (2.53) 
where Ni are the shape functions 
and Ti are the nodal temperatures. 
The assembly of element load vectors and. the solution process 
is identical to that described previously for centrifugal loading. 
As explained earlier, the stress at any point in the structure 
is related to the strain caused by differential growth, which is 
obtained as the, actual strain minus the free thermal strain. This 
can be given as, 
[JY [D lE -CJ (2.54) 
The rest of the procedure to calculate the stresses at the 
element nodes remains the same as that described earlier in Section 
2.10. 
2.12 FLUID PRESSURE LOADING 
Unlike the problem of heat conduction within an impeller, the 
concept of loading due to fluid pressure is fairly straightforward. 
The analytical treatment is the same as that described for the case 
of centrifugal loading, except that the calculation of the load vector 
is now based upon the surface fluid pressure distribution. However, 
the calculation of the element load vector is now more complex than 
were the earlier cases. It now involves, not only the identification 
of element faces on which the fluid pressure is acting, but also 
surface integration of the faces which are now three-dimensional. 
In the earlier cases', the element load vector could be evaluated 
simultane ously. with the element stiffness matrix in a sub-program, 
since both required the same volumetric numeric integration. However, 
for the present case, the element load vector must be evaluated 
separately from the stiffness matrix owing to the different surface 
integrations. While there is no straight-forward method to integrate 
the faces of a solid isoparametric element, which are in three- 
dimensional space, the method. suggested by Irons (Ref 43) appears to 
be a simple and elegant process. . 
However, vectoral thinking is 
required in order to understand the technique, which is described 
below. 
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Consider a brick element as shown in Fig 2.8, with covarient 
base vectors ;, j, ý. Recalling the Jacobian transformation matrix 
J, as given in equation (2.10), the first row now represents the above 
vector Z. Similarly, the second and third rows represent ýj and ; 
respectively. 
Considering the face C=1 for example, the elemental parallel- 
ogram has sides ndn and rCdC, and hence the vector area dA is given by 
dA=. nxcdndý=Adndý 
.... (2.55) 
If p is the pressure acting on the face, the *nodal forces are 
given by 
11 =- if P [N, 1T {ý J do dý'* .... (2.56) 
The terms of the area vector 
Ä=nx 
'can be'extracted easily, 
by interpreting the inverse of the Jacobian matrix as follows. 
nx x xn 
det j 
The double integral in the above equation (2.56) is readily 
evaluated using the numerical integration described earlier in 
article 2.7. 
If the pressure acting on an element is variable and is defined 
at the nodes of the element, the pressure intensity p at any point 
(integration point) can be evaluated using a similar relation as given 
in equation (2.5). 
p= Ni Pi 
where Ni are the shape functions 
and pi are the nodal pressure intensities. 
.... (2.57) 
The only remaining problem lies in identifying the faces of an 
element in, a program! One suggestion, for the program used in this 
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investigation, is to employ the following nom 
faces of a 20-node element (Fig 2.2). 
Face 1 corresponds to C= -1 
Face 2 11 C= +1 
Face 3= -1 
Face 4n= +1 
Face 5= +1 
Face 6n= -1 
. 
enclature for the six 
face 
face 
face 
face 
face 
face 
45 
Q AP I3 
"h 
PI GR NG CONSIDERATIONS) 
46 
3.1 GENERAL DESCRITMOtl 
Implementation of a three-dimensional finite element solution, for 
an industrial problem, usually involves a large computer capability. 
Developing a suitable caxiter program, which is efficient in terms of 
cater core and time requirements, is the primary task of any such 
analysis. Experience with large and complex programs emphasises the 
need for reliability, maintainability and extensibility of the programs. 
To-incorporate these factors into a program, considerable organisation 
is required. Program readability is desirable as a consideration to the 
users who may wish to r. ýdify the programs, to suit their individual 
requirements. 
The above factors were kept in mind whilst the algorithms described 
in the previous chapter were programed. The ANSI. version of FORTRAN IV 
has been generally adopted to maintain sane corrrpiler independence. 
Hoatiever, sc features of the extended FORTRAN, such as the use of free 
formats for input are retained, but are easily replaceable when 
required. Sa: ic of the general charecteristics of the programs are 
described below. 
3.2 GE . GMPP. C tSTtCS 
The program package which was prepared is modular in structure in 
order to minimise the demand on cuter core. Several levels of 
n ularit_y are achieved. The first- level of modularity is at the 
operational level, and divides the package into smaller programs. These 
programs correspond to the larger division of the algorithm. For 
example, the rash generation and element matrix calculation is 
prcg. raned as one program. At this level, modularity means not only 
structural organisation of the package but also allows the re-start 
facility. As a result, in case of a local error in any program, all the 
results from the preceding programs can be saved and the operation 
restarted at the point of error. Within every program, another level-of 
modularity based on logical division is achieved. Every program, 
therefore, contains one main program and many subprograms performing 
independent fury tions. The third level of modularity is not as explicit 
as the previous two. A subprogram generally consists of a number of 
blocks of state: rents, each block corresponding to certain indentifiable 
operation. To manifest this modularity these blocks are generally 
separated by CXX21, E T statements. 
Statement lables are given in ascending order within each 
subprogram. For easy reference, FORMAT statements are placed 
inalm-adiately after the corresponding READ or WRITE statements, except in' 
cases where previously defined FORM M are used. The input formats are 
of free format type. A systematic and descriptive *nomerclature for 
program variables has been attempted. Such an approach is restricted 
only by. the fact that a FaIUM variable can have only six charecters. 
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In addition, extensive CCT t3T statements are incorporated to describe 
all the input variables, the dimensioning of the arrays and most of the 
other variables appearing in the program. Checks on the adequacy of the 
storage of tho*dirrensioned variables are incorporated wherever possibe. 
With the increase in sophistication of the program the likelihood 
of an execution time error increases, and the or, -rating system error 
diagnostic facilities are generally complex. To forestall the occurance 
of an operating system error, which could be expensive if it arises in 
the later stages of a prgram, extensive error traps and error diagnostic 
capabilities are implemented within the programs. Most of these 
precautions consist of checks on the consistarcy of the input data, 
availability of adequate storage and wherever possible the intermodiate 
results. In case an error is detected, the approximate location and the 
values of some key parameters are printed cut, and further running of 
the program is aborted. 
The analysis involves a large number of arithmetic operations and 
it is therefore important to consider the precision and efficiency. 
Initially, the programs were developed on an ICL-1903r co uter, which 
has a precision of 11 significant digits in single precision. The 
precision was found sufficient for the analysis. Later the programs 
were transfered to a GEC-4070, mini-can ter with a'virtual mmary 
system, for the production of results. As the single precision of a GEC 
computer is only about 6 to 7 significant digits, it was found 
inadequate. due to the Gücurance of raind-off, damage. The programs were 
converted to double precision which caters for about 15 significant 
digits. It was found that ICL single precision results were nearly as 
accurate as the C double precision results, inferring that 11 
significant digit precision was about the requires nt. As the double 
precision program increase the rc airen: ent for core and time, to 
improve the efficiency, single prcision is retained for programs where 
precision has no significant effect. 
A large size finite element analysis usually requires a vast am rnt 
of input data. Often it is one of the major difficulties in using such 
methods of analysis. A suitable mesh . generation scheme 
has been devised 
to minimise the input data. However, even with such a facility, one 
would be dealing with a considerable amount of input data which is prone 
to human error. Such errors may still escape the error trap mechanisms 
in the program, however extensive they may be, often causing a wastage 
of valuable catputer resources. The errors which are likely to escape 
the human inspection are normally in the category of incorrect nodal 
coordinates or wrong nodal description. In either case, the result is a 
distorted or sometimes badly disfigured structure. The best way of 
locating such errors is to provide facilities in the program to project 
the finite element meshes graphically, before the analysis 'proceeds 
further. Keeping these factors in mind, graphics programs are developed 
into the package. These present the finite element mesh and a 
three-dirren, ional view in a form convenient for human inspection. The 
graphics program make extensive use of the GENO-F library, and the 
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logic developed is such as to show up the errors as clearly as possible in the graphical illustrations. 
Output from a large size finite element analysis, in the form of 
displacements and stresses, is vast in quantity. Analysing the results 
in such a form usually makes a heavy demand on human. resources. ' To 
minimise the human effort and help with a better presentation, an output 
processing program has been developed. The program employed in this 
study uses the systems GtNCGRAF and GtNO-F libraries and presents the 
results systematically in the form of graphs. 
3.3 Pr ci w LAYOUT 
The package is made up. of three programs for operational purposes. 
Each program corresponds to a major phase of the solution, and may be 
referred to as a Jobstep. With proper Job control commands, the three 
programs can be run as a single Job for a complete solution. The first, 
which is basically an input program, generates the finite element mesh 
using the card input and calculates the element matrices. The second 
progra,, which ccorresponds to the frontal solution, assembles the 
element matrices and solves the resulting equations for the 
displacements of the structure. It also evaluates the element stresses 
and the nodal averages of the stresses. The last program, which is an 
output processor, organises the output from the frontal solution and 
presents the final results in the form of graphs and tables. More 
details of the programs are. given in the following section. The overall 
flow diagram of the package is shown in Fig 3.1. 
3.4 INWUr PROGRAM 
Logically the program may be divided into three main phases 
consisting of mesh generation, plotting and the calculation of element 
matrices. The general flow diagram for the program is shown in Fig 3.2. 
The input to a finite element analysis clearly requires as noch. 
attention as any of the other important factors. Though the input can 
be described in simple terms as material properties, nodal coordinates 
and element nodal descriptions, the quantity of information is vast.. 
The coordinates and the element descriptions require input of thousands 
of numerical values. The preparation of such a quantity of input information from drawings, not only requires a large human effort but 
also is susceptible to the almost inevitable human errors. To minimise 
the input effort, an attempt has been made to devise a mesh generation 
scher. P- usable for centrifugal impellers, which . is described in the foliating section. 
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Mesh Generation Scher 
While it is clearly desirable to devise a mesh generation sc-heme 
which could reduce the input to a very few parameters, often there are 
other considerations which are imortant and which make such an exercise 
very difficult. If a mesh generator is devised it should be capable of 
describing all the possible geometries for the component considered and 
should not generate element geometries which are awktiard from the point 
of- view of analysis. Often these considerations restrict the 
maneuverability in the planning of a mesh. generator and make the 
reduction of input beyond a certain point impracticable. In the case of 
centrifugal impellers, the gewetric variations possible in practice are 
great. The cross-sections of the disk and the hub can vary, the number 
of blades can vary and the impeller may have a cover disk or a shroud. 
In addition, the rast important variations are in the blade geometry, 
since it can have different shapes and can vary in thickness and 
curvature from point to point in both the radial and axial directions. 
Keeping these possibilities in mind, a scheme has been devised with 
which to generate three-dimensional moshes for centrifugal impellers, ' 
using 20 and 15 node isoparametric elements. 
To describe the scheme, an impeller modelled with a simple coarse 
mesh is considered. The finite element model of a repeatable segment, 
which is required for the analysis, is shown in Fig 3.3(a). In the 
scheme considered, the segment is considered to be made up of layers, as 
shown separated in Fig 3.3(b). The number of layers will be odd and the 
mid-layer will be co itible with the outer layers so as to join the 
blade as . sho n in the figures. The nodal configuration will be 
c << letely described by the mesh represented by the Figs 3.3(c) to 
3.3(f), for the above example. In the norm nclature used X-X planes are 
court-on surfaces joining t %o adjacent layers and Y-Y planes are mid-layer 
surf zes. In the above no rolature, the word 'plane' has not been used 
in its strict geometric sense. For a three layer idealisation, as in 
the case of the current example,. there will be four X-X planes and three 
Y-Y planes as shown in the figures. Recollecting the nodal 
configurations of the 20 and 15 node elements, as illustrated earlier in 
Figs 2.2 and 2.3, it is evident that. the element cross-sections in X-X 
planes will have both corner and mid-side nodes, while in Y-Y planes 
only corner nodes will exist. The nodes in 'the disk will be numbered 
first followed by the nodes in the blade as shown in Figs 3.3(c) to 
3.3(f) for the given example. The element numbers as marked in these 
figures are given layer by layer, with the blade following iinm diately 
after the disk layer to which it is joined. 
The generation of nodal. coordinates and the element nodal 
descriptions as achieved by the scheme are explained using the above 
example. The nodal coordinates are generated in two steps, first the' 
R-Z coordinates and later the e coordinates. The R-Z coordinates of the 
nodes 1 to 39 of the first X-X plane of the- disk are input to the 
program. For the nodes 40 to 55 of the first Y-Y plane of the disk, the 
correspondene of image nodes in the first X-X plane are inpit, so as to 
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assign corresponding R-Z coordinates within the program. With the basic 
parazeters, such as the number of layers, already known, the program 
generates the node numbers and the R-Z coordinates for all the remaining 
nodes in the disk. Similarly, the R-Z coordinates of the ncdes. 205 to 
221 of the first X-X plane, followed by the nodal correspondazr_e for the 
nodes 222 to 227 of the Y-Y plane of the blade are input, to generate 
the R-Z coordinates for all the nodes in the blade. The program has an 
interpolation scheme for calculating the coordinates of nodes placed 
equidistarce between any two nodes. Hence, in the above example it is 
enough if coordinates of the nodes 3 and 7 only are input leaving the 
nodes 4,5 and 6 to be interpolated. Proceeding further, the 9 
coordinates of all the nodes in the two X-X planes of the blade, and the 
di v% layer below are required to be input. This was considered 
rAý ez ary so as to account for the variable blade *thickness and 
c nn: vature from point to point in a general case. Since the measurement 
04.1 8 coordinates from a drawing would be prone to error, the linear 
dimension R. Sin(9) measured from a reference axis (fixed at zero 0) are 
to be input to the program instead of 0. This linear dimension may be 
called x. In the case of current example, the x for the nodes 56 to 94 
and 111 to 149 of the two X-X planes of the disk are input to the 
program. Immediately following the above, in order to establish the 
relationship of other X-X planes relative to the above planes, the x'of 
the first node of each X-X plane prior to the above planes is required 
as, input. In the current example, the x for the node 1 is input to the 
program. Using the above information, the program generates the 0 
coordinates for all the nodes in the disk. Similarly, the x values for 
the nodes 205 to 221 and 228 to 244 are input to the program to generate 
the 0 coordinates of all the nodes in. the blade. Once again the 
interpolation is available for equidistance nodes in the above input. 
Next, the element nodal descriptions'of the elements 1 to 8 in the first 
layer of the disk and eleTients 17 to 21 in the blade are input to the 
program. The program generates the element nodal descriptions for all 
the remaining elements. A close observation will reveal that the nodal 
description of element 2 can be generated using those of elements 1 and 
3. Similarly, for elements 7 and 20 from the respective adjoining 
elements. For finer rceshes . 
it is possible to interpolate for more 
elements sandwiched between any two elements. The program has an 
interpolätion sheme to-reduce the input in such cases. 
Though the example considered is of a radial bladed impeller, it 
will be noticed that the data input takes no advantage of the radial 
property of the blade. If the same impeller had a curved blade as shown 
in Fig 3.3 (g) , the input would remain identical except for a change-in 
the values of x supplied in order to generate the e coordinates. 
Plottin 
The diagrams shown earlier in Figs 3.3(a) to 3.3(g) were drawn with 
the aid of a graph plotter and were output fran the first program. 
Extensive use, of the GE -F graphics library is made by the program 
routines which are devised to draw these diagrams. From observation of 
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the diagraus it can be appreciated that the programing as"ociated with 
this type of problem will inevitably be complex, and that considerable 
kno' ledge of the graphics library is required. A complete description 
of the graphics rotitines is considered to be outside the scope of this 
text as it i,, ould require detailing of the routines. Only the broad 
outlines are described in the following text. 
The paper size nominated to the plotter for drawings corresponds to 
Ad. size paper and a 15 zit margin is allocated all around. This choice 
was made fron the point of view of presentation of the diagrams in 
reports etc. As the plotter units are in millimeters, an input 
parameter is provided to supply a value for the scaling which can take 
in to account the input data units and any magnification-or contraction 
required for drawing the diagrams. However, an artifice is provided in 
the program to make sure that the supplied Scale value does not produce 
diagrams which are too large or too small compared to the size of the 
paper. If such is not the case then, the program will choose a suitable 
value for the scale, based on the tip radius of the 'mmpeller, so as to 
make optimum use of the paper. 
In the mesh, the nodes are marked using the corresponding R-Z 
coordinates. Any errors in the R-Z coordinates will show up clearly as 
displaced nodes in the diagrams. The mesh is developed element by 
element and the element nodal descriptions are used to draw the 
cross-sections. Only the nodes describing the face with corner nodes 1 
to 4 of 20-node elements (Fig 2.2) and 1 to 3 of 15-node elements (Fig 
2.3) are used to draw the R-Z mesh-. Any disfigurement of the mesh can 
be attributed to the errors in the element nodal descriptions. Hoa; ever, 
a correct R-Z mesh is not a complete check on the element nodal 
descriptions as only nodes on one face of euch element are used for 
drawing the mesh. 
Three-di. nsional views are produced to help give further checks on 
the input data. A ccmplete * view is drawn so as to to give a good 
representation of the structure 'assembled with the ele-rents. In 
addition, for finer detail the same view is produced with layers of the 
disk drawn on separate sheets. Though the views are drawn to scale, it 
may be noted that the actual dimensions in the drawings will also depend 
on the position of the viewpoint, fixed with respect to the axes of the 
drawing. The views are developed by drawing element by element using 
the element nodal descriptions. Two pen colours are used to draw 
alternate layers of the disk and a third colour for the blade, for an 
easier inspaction of the diagrams drawn. Any disfigurement of the 
elements indicates errors in the element nodal descriptions. A broad 
check on the 0 coordinates is possible with the help of the above views. 
However, further checks on the 0 coordinates is advisable by means of a 
close inspection of the nodal coordinates printout. In the views 
produced, straight lines are used to draw the element sides in place of 
the actual curves because of the non-availability in the graphics 
library of suitable curve routines usable with three dimensional 
drawings. 
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Element Matrices 
For the creation of element matrices, a corcnn main subroutine is 
adopted for both the 20 and 15 node elements, so as to Thieve 
compactness. Based on the type of element, this subroutine will pick up 
the appropriate integration points and the shape*furntions. The shape 
functions for the two elements are built in to separate subroutines. 
The element routine also'calculates the load vector due to centrifugal 
forces caused by rotation. 
3.5 'ERMAL SOLUTE ON 
This is the second program in the package and the general flow 
diagram for it is as shown in Fig 3.4. The basic program is adopted 
from the original paper of Irons (Ref ' 31) . It is extended to incorporate prescribed displacements to any of the variables in the 
solution and to evaluate the nodal averages of the stresses. All the 
extensions made are such as to leave the original coding of the program 
intact, to enable easy reference from the paper. To understand the 
frontal concept, and the original program, one is advised to refer to 
the above paper. While making the extensions, every care was taken to 
keep open all the user options in the program such as complete solution, 
element by element solution, etc. All the new variables introduced are 
defined clearly by means of Comment statements. To identify the 
additions mere easily, the new statement numbers are given in the nine 
hundred range, which was not used earlier in the program. In line with 
the original program, checks on the adequacy of storage for the new 
dimensioned variables are ircorporated in to the program. To improve 
the performance of the frontal reduction, the program is amended to 
begin the elimination of the variables from the end of the front (Refs 
44,49). This is the only case where the original code is altered. 
To calculate the element stresses suitable element routines are 
added to the program. Once again 'to achieve compactness, a common main 
routine is prepared for calculating the stresses for both the 20 and 15 
node elements. Based on the type of element, it will pick up the 
appropriate sampling points and the shape functions. The shape function 
routines are identical to those of the first program. As proposed in 
the analysis, the stresses in an element are calculated at the sampling 
points and are extrapolated to the ele, -nent nodes by the method of least 
squares. Toi improve the performance of the technique, the stress 
smoothing matrices, relating *the stresses at the element nodes to the 
sampling points, are calculated only once outside the program and are 
incorporated in the program as Block Data, for the two elements 
considered. 
The strategy adopted for incorporating prescribed'displac: ements is 
one of the well established numerical techniques. As soon as a 
particular variable is mature and is ready for elimination, a very large 
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number is added to the corresponding diagonal element of the matrix and 
the product of the large number with the prescribed displacement is 
added to the corresponding load vector element. To evaluate the nodal 
averages of stresses, the basic frontal concept is extended and the code 
generated by the pre-front program is utilised. Statements are added to 
the program to write the results to an cutput tape, for use as an input 
to the next output processor program. An artifice is created to 
identify the different type of records corresponding to stresses, 
displacements, etc. As -mentioned previously in "article 2.9, the 
computer core requirements for a frontal solution of a given problem 
can be minimised by a judicious choice of element sequerce to the front. 
In the present problem of centrifugal impellers, with the proposed mesh, 
it is suggested that a good choice would be to progress from root to tip 
or vice versa in determining the sequence of elements*to the frontal 
solution. For the present case, this is the last input given in the 
first program. 
The program as developed for the package may be considered 
independent and easily usable for a different problem. The only changes 
which may be necessary to adopt will correspond to the element stress 
routines if different type of elements are used. 
3.6 OOTPUl! PROCESSOR 
The need for a program to process the output results from a finite 
element solution increases with the size of a problem. Static analysis 
of a typical impeller would involve a solution of the order of two to 
three thousand sirultaneous equations. The output from the frontal 
solution program, consisting of displacements, stresses, etc, will 
involve tens of thousands of numbers. Analysing such results in the 
form of printed output would inevitably demand considerable human 
effort. With the c« ter core space being at a premium, it is often 
necessary to use the option of element by element solution in the 
frontal program. The results will be in the form of output for each 
element, hence increasing the need for an output processor. 
Every facility has its ecompanying restrictions. To devise an 
output -processor program, it becomes necessary to decide upon a layout 
for the presentation of the results. This will involve the location of 
the critical zones of the structure considered, the form in which the 
results are presented and the format of presentation. It is not always 
a simple process to choose *a layout which is suitable for all 
situations. In the present case, it was decided to follow the layout 
developed by Givan and Thurgood (Ref 22). This presents the 
circumferential and radial stresses at the front and rear of the 
impellers for the positions beneath and between the blades, in the form- 
of non-dimensional graphs. Reference 22 also presents the 
non-dimensional radial stresses along the blade leading edge and axial 
stresses along the bore. In the present program, the above layout is 
extended to present also the radial and axial displacements of the 
0 
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impeller in a similar format. 
The flow diagram for the program is shown in Fig 3.5 . The program reads the card input identifying the nodes at the front and rear of the 
izrpeller at positions beneath and between the blades, etc. It also 
reads the other input parameters required for the non-dimensionalisation 
of the stresses. At the next stage, the results from the Frontal 
solution are decoded from a tape and are organised'into arrays. The 
results are non-dimensionalised as required and are tabulated. on the 
line printer in addition to the plotting of graphs on the plotter. 
3.7 EX'11E SE WS 
The results from the current investigation were mainly planned for 
the case of centrifugal. loading due to rotation, as the experimental 
results available from previous investigations were limited to that type 
of- loading. The paucity of data available for real temperature and 
pressure distributions in impellers was another cause which made it 
difficult to plan a package which is usable for all of these three 
types of loading. Hence the programs, as described in the preceding 
sections, were initially developed only for the case of centrifugal 
loading. However, variants of the programs were later, developed to 
consider the other two types of loading as examples. The changes 
required, as described in the previous chapter, are simple. The 
necessary modifications to the programs are listed below, 
Th2rraal Loading 
The input In the first program is extended to include the nodal 
temperatures. In the element routine the load vector is calculated due 
to the thermal instead of centrifugal loading. Whilst writing the tape, 
for input to the frontal solution, the element nodal temperatures follo-. ýi 
the element coordinates. In the frontal solution, the second program, 
the element stress routine is modified to subtract the initial thermal 
" strains from the-actual strains, before the calculation for stresses 
proceed. in the third program, the graphs representing the stresses are 
modified fran non-dimensional to dimensional by incorporating suitable 
scales to the axes. 
Fluid Loading 
The input in the first program is extended to include the fluid 
pressure distribution and the identity of ele. nt faces which are acted 
upcn by the fluid pressure. The calculation of the load vector is 
carried out by surface integration of the element faces upon which the 
fluid is acting, by means of a separate subprogram. The frontal program 
needs no alteration and in the last program the stress graphs are 
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dimensionalised with suitable scaling. 
Miscellaneous Cases 
To study the effect of the number of blades. on the stress 
characterstics, a small subprogram was added to the input program to 
manipulate and change the input data for an increase or decrease in the 
number of blades. The effect of the curvature of the blades on the 
stresses was studied with a similar manipulation, by changing the input 
data of a radial bladed impeller to that of a curved bladed impeller. 
Although it is not an efficient process, with minor changes in the 
Input program the package was used to analyse axisyrr etric disks. 
0 
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4.1 G ORM, DESCRL PSIS CO 
Once it had been established that adequate accuracy could be 
obtained with a reasonable number of finite elements, a number of impeller configurations were analysed and the results so obtained 
compared with available experimental photoelastic results from previous 
investigations. in addition, they were also compared with results from 
a tvýo-dimensional technique which is generally considered to be the most 
accurate of. such solutions, in order to estimate the' improvement which 
could be expected with a three-dimensional solution. While the above 
stages were essential if the proposed method of. analysis was to be 
evaluated, additional results were produced to study some important 
stress characteristics of impellers. For example, the effect of 
inter-blade bending was studied in more detail by varying the number öf blades in a typical rode o radial impeller. The effect of curvature 
of blades, which is hitherto unpublished, was studied by introducing 
curvature in radial bladed impallers. The calculation of stresses in 
curved bladed impellers is outside the scope of most of the analytical 
techniques previously presented. Other important cases such as an 
impeller with cover plate and an impeller wits ades on both sides of 
the disk were analysed to show the scope of the current method of 
analysis. All the above results were obtained for the case of 
centrifugal oading due to rotation alone, since Che-cxpcrimenal-t^d 
theoretical results from previous investigations were limited to that 
type of loading. However, two further examples were also considered, 
one with ther. mal and another with fluid loading, to show the 
applicability of the present analysis to those cases. 
Hawker Siddeley Dynamics Ltd impeller n dels N, P and R (Ref 2211 
were chosen as test cases for the current investigation. The geometric 
dimensions for the : de1s N and P are reproduced in Fig 4.1. The 
dimensions of model R are identical to model P except that the nde1 R 
has a flat tk throughout. 
The results were produced in. general for iiroellers 
from steel. However, sore results were produced with 
inpeller material so as to enable a comparison with 
photoelastic results to be made. The material properties 
follows. 
Steel 
Youngs Modulus = 29,000,000 lbs/sq in 
Poissons Ratio =-0.3 
Mass Density = 0.00074 lb sect/ini 
Coefficient of Thermal Expansion = 0.000011 /°C 
manufactured 
epoxy as the 
i available 
used are as 
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Epoxy 
Youngs Modulus = 500,000 lb,, /sß in 
Poissons Ratio = 0.495 (as a near approximation to 0.5) 
Mass Density = 0.00019151 lb sec''/in'r 
For the case of centrifugal loading, the stresses obtained are 
presented with a rion-dimnsicnal format, similar to that used in 
refererre 22. To non-dimensionalise the stresses, they were divided by 
the inertia term of a unit volume of the material placed at the tip 
radius of the impeller and rotating at the saire'speed as the impeller. 
The inertia term is given by p (. rrt/g, where t'/g is the mass density of 
the material, r is the tip radius of the impeller and w is the 
rotational speed of the impeller in radians per second. The impellers 
were considered to be free at the bore and were spinning freely in the 
space. The stress constants as given in the non-dimensional graphs are 
for a speed of 10,000 rpm in the case of steel impellers and 3,000 rpm, 
in the case of epoxy impellers. 
4.2 ACCURACY AND COUV GES. 
Whenever a finite element analysis is employed in obtaining a 
solution for a particular problem it is expected that an exact solution 
will be forthcoming at the limit of element subdivision. At any stage 
of a finite subdivision, the solution is only approximate, for example 
like a Fourier solution with a certain number of terms. What is 
important to the engineer is to know the order of accuracy achievable in 
a typical. problem with a particular' element subdivision. Although it is 
preferable to assess the accuracy of a specific solution by cci wring 
with an exact solution, it is often not possible to obtain an exact 
solution for an engineering problem. In such cases, an assessment is 
made by a study of convergence using two or mare stages of subdivision. 
A useful check in such an assessment would be to study the maximum 
deviation of nodal stresses, calculated from the elements surrounding a 
node, with respect to the average of the stresses for the node. 
Engineering experience suggests approximately 3% as the allowable 
maxi-, mm deviation. With experience, it is possible to assess a priori 
the order of accuracy which is achievable in a specific problem with a 
given element subdivision. 
To determine a suitable mesh size for the present problem a steel 
impeller with the diir nsions of model p (Fig 4.1) was considered. In 
the first instance, it was treated with a relatively coarse subdivision, 
which is shown previously in Figs 3.3(a) to 3.3(f). The stresses and 
displacements due to centrifugal loading obtained are shown in Figs 
4.2(a) and 4.2(b). In this case, the maYiirut deviation of the nodal 
stresses was found to be of the order of 10 to 15%, which clearly 
indicated a need for a further subdivision of the mesh. However, it may 
be noted that the disp1wermients obtained %mld be more accurate than the 
stresses (by an order),, sirre the calculation of the stresses %culd 
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involve the differentiation of the displacements (losing an order in 
accuracy). Proceeding further, the impeller was modelled with a finer 
mesh as shown in Figs 4.3(a) to 4.3(c), which resulted in the stress and 
displacement. characteristics as shown in the Figs 4.4 (a) and 4.4(b). 
With this subdivision the deviation of the stresses were almost 
acceptable with. a maximum of about 3%, except in the region of 0.3 
radius of the disk, where it was of the order of 4 to 5%. This radius 
represents the transition between the hub and the diaphragm of the disk. 
Although the results were considered satisfactory from the point of 
accuracy, the model gave rise to problems when used with high Poisson's 
ratios nearing 0.5 for the epoxy material. On further study, it became 
known that 15 node elements are not suitable for such situations. As 
results were needed with epoxy as material, for comparison with 
photoelastic results, the impeller was modelled for a. third time, but 
this time using only 20 node elements as shown in Figs 4.5(a) to 4.5(c). 
Further refinement of mesh was carried in the transition zone of the 
disk while modelling the above subdivision. Figs 4.6(a) and 4.6(b) show 
the stresses and displacements obtained using the third mesh, which were 
found satisfactory from the view point of accuracy. 
At this point it is perhaps necessary to draw attention to one 
aspect of the stresses plotted. An inspection of the front 
circumferential stresses in Fig 4.6(a) reveals that at about 0.25 radius 
of the disk there is a steep gradient in the plotted stresses, which may. 
apparently raise some doubts with regards to the accuracy achieved. An 
explanation for this steepness can be seen in the following exile. 
For the stresses occuring at the location between the blades on the 
frcnt face, the nodes 1,10,15, ..... to 101 (Fig 4.5(b)) are traced to 
plot the stress characteristic curve. As the nodesAa, 44_and_45. __have veýry_similar 
, 
radii, although they_arc. rot, c. lose spaced _in_the axial as direction, any itr asýn_. _the-stress`s in 
that region is. -reflected a steep gradient intbc curve, as it r plotted against radius. This is 
very it aýrtant to note while studying the further results as son me 
fluctuation in the stresses in that region could result in a fluctuating 
curve, which may be misleading. In general, it is important to keep the 
geometry of the ii oiler in view while studying the. results. 
4 
.3 TAIU SON Will IMCfM T STI C RESULTS 
Orte the convergerce of the analytical results had indicated a 
satisfactory mesh size, it was considered essential to compare the 
calculated results with photoelastic results for a few sample cases of 
impellers. To assess the ir;. p: ovements achieved by the proposed method 
of analysis, the results were also compared against results frort 
Schi. ihansl's finite difference theory (Ref 14). Schilhanslls theory was 
chosen as it is considered to be the host accurate anong the. 
conventional two--dimensional methods of analysis proposed to date. 
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Five of the Hawker Siddeley Dynamics Ltd impeller models, including 
two without blades, from reference 22 were considered for the above 
corn ison. The rrrdels include impellers with as few as seven blades 
and as many as seventeen blades. The photoelastic results and the 
Schilhansl finite difference results as reported in the above reference 
are adopted for the comparison. Finite element results for the above 
models were obtained with epoxy as the material and a Poisson's ratio of 
0.495 is used as a very near approximation to O. I. S. 'Results were also 
obtained for a Poisson's value of 0.499, but were found to be very 
sensitive to the local fluctuations in stresses. 
impeller Model -P 
This is a radial impeller with seventeen blades and the finite 
elermant subdivision as already shown in Figs 4.5(a) to 4.5(c) is used 
for the analysis. The -non-dimensional. stress characteristics as 
obtained from the analysis are presented in Figs 4.7 (a) to 4.7(c). The 
photoelastic results (thick lines) and Schilhansl finite, difference 
results (broken lines with dots in between) are shown superimposed on 
the same figures. With as many as seventeen blades, the finite 
differeme results were supposed to give* a good a ppproximatioii- to the 
actual stresses. 
Considering the stresses on the rear side of the disk, it will be 
noticed that the finite elenrnt results have shown an ii rovment over 
the finite difference results and are closer to the photcelastic 
results: The accuracy of the results sixw. n can perhaps be apprac: iated 
by noticing the precision with which the relatively sirall inter-blade 
bending effect is indicated for the case of the circumferential stresses 
and the proximity of the characteristic curves to the photoelastic 
results. The inter-blade bending effect is seen as the distance between 
the stress curves representing the beneath and mid-blade positions. It 
can be seen that the analytical results deviate quite markedly from the 
photoelastic results near the bore and hub region. A possible 
explanation for this is that for the present analysis the impellers were 
assumed to spin in free space with no restraint whatsoever at the bore 
or'around the hub. This ri)eans that the radial stresses at the bore will 
:e zero to satisfy the free boundary condition, resulting in a very high 
order of circumferential stress. The increase in the circumferential 
stress rear the bore will be almost exponential which is given by the 
analytical rrodels. This being the theoretical state, in pra: tice a 
photoelastic model will never achieve such a boundary condition, since a 
shaft or a fixure is needed to support the model resulting in sonn 
constraint at bore. For example a rigic1 bore ý, culd result in a very 
high radial stress and low circumferential stress at the bore, which is 
the opposite situation to that for a free bore. The fall in 
circumferential stress in tlla hub region for time case of the 
photoelastic results shown indicates that freu bore conditions were not 
achieved (luring. tests. This may also have resulted in a marginal 
is rease in the radial stresses in the region of hub, which could be the 
reason for the slightly higher peak for the case of photoelastic 
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results. In addition, unless vacuum conditons are reached during 
experimental -spinning, there would be certain am nt or torque 
introduced into the impeller at the bore, which could alter the stresses 
at the bore and in the hub region. 
Considering the stresses on the front side, photoelastic stresses 
were available for only the between the blades position of the impeller. 
It can be noticed from the figures that while the finite element 
results are quite close to the photoelastic results (again except in the 
hub region), the finite difference results are not as good and are a 
poor approximation, particularly for the case of circumferential 
stresses. However, this would be expected, sirce the presence of blades 
will have a direct effect on the stress characteristics at the front 
face of the impeller. The finite element results show the presence of 
the axial. : tress at the bore, these are assumed to be zero by the 
conventional two-dimensional theories. 
Impeller Model -N 
This is a seven bladed radial impeller *and the finite element 
subdivision, as used for the analysis, is shown in Figs 4.8(a) to 
4.8(d). The finite element results and the superimposed photoolastic 
and finite difference results are shown in Figs 4.9(a) to 4.9(c). With 
as few as seven blades and particularly with a large blade size, 
considerable inter-blade bending is expected, resulting in a significant 
difference between the stresses at beneath and between the blades 
positions of the disk. 
Considering the-stresses on the rear face of the disk, it is 
apparent from the figures that the finite difference results are a very 
poor approximation and may be of little use to the designer, 
particularly the circumferential stresses. Whereas the results from the 
proposed finite element method show a good agreement with the 
photoelastic results. The results also show the capability of the., 
proposed method for adequately dealing with the severe inter-blade 
bending effect, the analysis remaining the same irrespective of the 
number of blades present in an impeller. The earlier suggestion that 
the experimental models did not achieve free bore conditions is again 
clearly reflected by the high radial stresses close to the bore in the 
photoelastic results. 
Considering the stresses on the the front face of the impeller 
disk, theunprovenvents Echieved' by the proposed method are quite 
significant. While the finite element results are very close to the 
photoelastic results, the finite difference results can be seen to vary 
considerably. In Fig 4.9(d), the displacements, particularly in the 
axial direction, reflect the significant effect of inter-blade bending, 
due to the relatively few blades in the impeller considered. 
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Impeller Model -R 
This is a radial impeller with seventeen blades and is identical to 
model P except that it has a flat back. Figs 4.10(a) to 4.10(c) show 
the finite element subdivision used for the analysis. The mesh for this 
model was generated from the mesh already developed for model P, by 
adjusting a few nodes in the disk to represent the flat back. This is a flexibility with finite element modelling, as minor changes in geometry 
can easily be accamnodated with a change of coordinates for a few nodes. 
The stresses obtained together with the superimrposed photoelastic and finite difference results are shown in Figs 4.11(a) to 4.11(c). Most of 
the conunents made for the case of irodel P are applicable to this case, 
except that the axial stress in this Yodel is very low at the bore and 
may apparently satisfy the assumption of zero axial stress used in 
conventional theories. 
Disk from Model -P 
Although it is not an economical way to analyse axi-syrrcrwtric disks 
with a three-dimensional solution, the proposed method was used to 
analyse a few disks, by adopting some- minor changes to the mesh 
generator. The disk of the impeller model P is the saxre. as the unbladed 
inpeller model J referred to in reference 22. The finite elment 
subdivision used is shown in Fig 4.12. Stresses and displacerents as 
obtained are presented in Figs 4.13(a) to 4.13(c). Photoelastic results 
were not available for this model and hence the results were compared 
only against finite difference results using the Schilhansl technique. 
The resdlts in general show a good agreement with each other. However, 
the presence of significant axial stress in the model, as shown by the 
finite eleront results, raises doubts whether the finite difference 
results can be considered to be completely accurate, even for this 
unbladed case, as the theory assumes a priori zero axial stress. The 
axial displareim-nts as shown indicate a significant axial bending of the 
disk. 
Disk from Model - Td 
This is the same as the unbladed impeller model H referred to in 
refererce 22. Fig 4.14 shows the finite elrcent subdivision used and 
Figs 4.15(a) and 4.15(b) show the results obtained, along with 
superimposed photoelastic and Schilhansl results. While there is a good 
agreement for the case of the circumferential stresses, the agreement is 
not as good for the case of the radial stresses. Hovwever, considerable doubts are raised in the validity of the photoelastic results, as the 
radial stress is shown compressive both on the front and rear face, near 
the region of tip radius, which cannot be the case with an impeller 
under centrifugal loading due to rotation. This cannot simply be 
attributed to the disk bending, since for such a case the stresses will 
be tensile on at least one face. As for the case of the previous model, 
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axial stress is found to be present at the bore of the impeller as shown 
in Fig 4.15(c)'. The axial dis-placements reflecting the disk bending are 
also shown in Fig 4.15(c). 
4.4 Inter-Blade Bending 
As pointed out during the review of the literature, the presence of 
blades in an impeller. will result in what-is called the inter-blade 
bending effect, under centrifugal loading due to the rotation of the 
impeller. With blades on one side of the disk, the circumference of the 
disk deflects axially in the form of half sine wave between blade root 
locations. This effect is greatest at the outer radius. and disappears 
towards the inner radius. It is rrore pronounced for the case of 
impellers with relatively few blades and results in bending stresses of 
significant magnitude in the disk, resulting in a variation of the 
stresses between the blade root and mid-blade locations in the disk. 
Hitherto, the aspect: of inter-blade bending was studied to a limited 
extent by means of experimental photoelastic tests carried out on sample 
models of impellers having relatively few blades. They basically served 
either to highlight or later confirm the presence of the inter-blade 
bending effect in such impellers. While that helped to explain why the 
two-dimensional theories would produce grossly inaccurate results for 
such impellers, no study was conducted to study the magnitude of the 
inter-blade bending effect with change in the number of blades in an 
impeller. As the proposed method of analysis has no limitations with 
regards to the number of blades in an impeller and it takes into account 
any inter-blade bending present, a study was conducted to investigate 
the effects on stress and displacement characteristics in an iffpeller 
disk with, a varying number of blades. The study was conducted to assess 
the number of blades beyond which the inter-blade bending effect may be 
marginal, so as to examine the applicability of conventional theories 
for a reasonable assessment of the stresses. 
The Hawker Siddeley Dynamics Ltd impeller mode], P (Fig' 4.1) was 
selected for the purpose of the above study. Five derivatives of the' 
model were considered, consisting of the original design for 17 blades 
and four"'new models with 7,9,11 and 13 blades. As mentioned 
previously, all the models were assumed to be made of steel and to be 
rotating at 10,000 rpm. Finite element subdivisions for the new models 
are shown in Figs 4.16(a) and 4.16(b). These subdivisions use the same 
nodal configuration as given for the 17 bladed model shown earlier in 
Figs 4.5(b) and 4.5(c). The stress and displacement characteristics for 
the original 17 bladed r, odel. have already been reported in Figs 4.6(a) 
and 4.6(b). The characteristics for the new four models are presented 
in Figs 4.17 (a) to 4.17(h). A study of the above results indicate the 
following. 
The stress characteristics on the front face of the impeller at the 
blade root is always different to that at the mid-blade location on the, 
disk, irresepo tive of the number of blades present on the impeller. 
r 
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Naturally, this is understandable since the presence of the blades 
affects the stress characterstics directly on the front face of the 
; ller. A two-dimensional theory would never be able to represent 
such a system, of stresses accurately, and at best it may be able to 
indicate the average of such stresses in the case of an inpeller. with a 
high number of blades. Once the above fact is accepted, further 
discussion can be confined to the stress characterstics on the rear face 
of the impeller, in assessing the magnitude of the inter-blade bending 
effect with relevance to the number of blades. 
The variation in the number of blades appears to have a more 
significant effect on the circumferential stresses than on the radial 
stresses. Considering the inter-blade bending effect, which is 
reflected as the ordinate between the stress curves representing the 
beneath and between the blades loacations on the disk, the following is 
observed in the case of circumferential stresses. With the lowest point 
of the blade on the disk being at about 0.26 of the radius of the disk, 
for the case of the models considered, the inter-blade bending effect is 
in evidence from only about 0.45 of the radius outwards for the case of 
the 17 bladed impeller, whereas it penetrates deep towards the bore for 
the case of the 7 bladed impeller and is felt from as low as 0.15 of the 
radius. The effect of the inter-blade bending, in the cuter half of the 
radius of the impeller, is to increase the stresses beneath the blade 
with a corresponding decrease at mid-blade location. The difference 
between' the stresses at the two locations, which reflects the magnitude 
of the effect, increases as the number of blades decreases ans) vice 
versa. In Fig 4.18 the maxin u-n difference is plotted against the nurber 
of blades for both the rear and front face of the impeller. 
The inter-blade bending effect is also reflected clearly by the 
axial displaeiw nts; which show different displacements for the blade 
root and mid-blade locations, as shown in the figures. The maximum 
differexe, which occurs at the tip radius, is also plotted against the 
nuaber of blades and is shown in Fig 4.1.8. On observing the plots in 
this figure, it is only possible to say that the inter-blade bending 
effect is less pronourced after about 13 blades iri the. case of the. 
inipeller model considered. As a large blade and a less stiff disk can 
result in irore inter-blade bending, the above figure of 13 may not be 
applicable to all impellers as a general rule. However, the above study 
may give a reasonable guidance in assessing the number of blades beyond 
which one can hope for a marginal inter-blade bending effect. 
The other observations macye during the study are as follows. The 
circumferential stress at the bore and the maximum radial stress 
decrease marginally as the number of blades in an heller fall, 
reflecting the reduction in blade loading on the disk. The axial stress 
at the bore increases as the number of blades fall, and is greatest for 
the unbiaded case. However, as the axial stress characteristics at the 
bore appears to differ frei impeller to impeller, the. above may not be 
true in all cases. 
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4.5 IMPELT ,S VIEW NON-RADIAL BLADFS 
There has been little or no previous work published on the effect 
of blade curvature on the stress characteristics of radial impellers. 
Even the photoelastic experiments reported in the literature, appear to 
be limited to radial impellers and were basically meant to evaluate the 
various available two-dimensional theories. As the curvature of the 
blade is clearly outside the scope of any two-dimensional theory, no 
effort seems to have been made to study its intplicationa. As the method 
of stress analysis proposed here has no such limitations, a study was 
undertaken to investigate the above, and is presented as follows. 
Once again the Hawker Siddeley Dynamics Ltd impeller rrndel P was 
considered for the purpose of the above study. Curvature was introduced 
into the radial blade by twisting the blade fran the radial plane by an 
angle which is proportional to the radius and varies fron zero at bore 
to a choosen maximum value at tip radius. Four variations of the model 
were considered as shown by the finite element subdivisions in Figs 
4.19(a) and 4.19(b), consisting of two 17 bladed impellers and two 7 
bladcd impellers. The angles 30 and 45 degrees as indicated in the 
figures show the maximum angle of inclination of the tip of. the blade 
from the radial plane. It also indicates a r. reasure of curvature of the 
blade. As the loading is due to the centrifugal force caused by 
rotation, negative or positive curvature has identical effect on the 
stress characteristics. The finite element subdivisions also indicate a 
typical repeatable' segment for the case of impellers with curved blades. 
It may be recalled from the previous chapter that, due to certain 
limitations of the graphics libraries, the nodes on the element sides 
are joined by straight lines in the'3-D views produced. However, in the 
present analysis, the true curved geometries are taken into account by 
the isoparaTetric elements used. In Figs 4.20 (a) to *4.20 (h) , the stress 
and displacement characterstics determined from the analysis of the 
above models are presented. A study of the results indicates the 
following. 
Considering the circumferential stresses on the rear face, with 
increase in blade curvature, the stresses decrease marginally in the 
region of the bore sind the hub, say up to 0.3 of the radius of the disk. 
This may be of some importance for the casfi of L ellers with a large 
number- of blades, in which case the maximum stress which occurs at the 
bore would decrease. With increase in blade curvature, there is a 
marginal increase in the inter-blade bending in the region of 0.3 to 0.8 
of the radius of the disk, which would be significant for the case of 
impellers with few blades, as it would increase the r&-ixinum stress which 
lies at about 0.7 of the radius. However, the predominant effect of the 
curvature seems to be in the region of the tip radius, where it not only 
cancels out the inter-blade bending effect present but also introduces a 
reverse effect as the curvature increases. This may not be of n ich 
engineering importance as it- would not affect the r; aximura stress 
occurring in the imppeller. Nevertheless, it'is preferable to be aware 
of such sources of stress. On the front face of the impeller the 
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curvature appears to have little effect except near the tip where its 
influence is similar to that discussed for the rear face. 
Considering the radial stresses on the rear face, the effect of 
blade curvature is more or less localised near to the tip, where it 
reverses the effect of inter-blade bending with increase in the 
curvature of the blade. On the front face, the effect of the curvature 
is significant, since it helps to reduce the stresses by as much as 15% 
in the case of a 45 degree tip curvature. However, the beneath the 
blade stresses appear to register a marginal increase in the upper half 
radius of the disk, with increase in the curvature. 
Considering the other charaaterstics with increase in blade 
curvature, there is a marginal increase in the radial stress on the 
blade leading edge, while there is hardly any effect on the axial 
stresses at the bore of the impeller. The axial displacements indicate 
a general increase of the order of 15% for the 17 bladed case and 30% 
for the 7 bladed case, for 45 degrees curvature, infering that curved 
blades are less helpful in reducing disk bending. 'The axial 
displacements also clearly reflect the reversing of the inter-blade 
bending effect near the tip radius of the disk, with increase in 
curvature. The radial displacements, which are not reported, were found 
to have a very minor increase with curvature. 
4.6 OTIMR DISK CANFL C1J 'TI ONS 
It is often possible to find impellers of different configuration 
to the conventional bladed disk, for example such as those with a cover 
disk or shroud, or with blades on both sides of the disk, or a 
combination of these. Some of these configurations are not easily 
analysed by the conventional methods of analysis, because of some of the 
initial assuVtions involved in the formulation of those theories. As 
the method of analysis proposed here has no limitations with regards to 
such geo e-tries, the treatrwnt of these cases will be the same as for 
any other typical case considered earlier, except that S L«e engineering 
commonsense may be required at the data preparation stage. To 
illustrate the adaptability of the present technique, two further 
impellers were considered for analysis, one with a cover disk and the 
other vriith blades on both sides of the disk as described below. 
A cover plate of 0.065 inch thickness was added to the impeller 
, del P (Fig 4.1), so as to obtain a model with a cover 
disk. The 
finite element subdivision and the mesh as used is shown in Figs 4.21(a) 
to 4.21(c). To prepare the data, the cover disk was assumed' to be a 
part of the main disk, as sham in the finite element mesh. Except for 
this simple assumption, the data preparation and the analysis remained 
the same as for any other case. A similar assumption is required if an 
impeller posesses a shroud. The results obtained, for the above 
impeller with a cover disk, are presented in Figs 4.22(a) and 4.22(b). 
11 
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A study of the, disk stresses indicated apparently no significant changes 
in the stress characteristics produced by the cover disk, except for a 
marginal irnrease in stresses on the front face near the region of the 
hub. The radial stresses at the blade leading edge, which is now a part 
of the inner face of the cover disk, showed a marginal ircrease. ' There 
is a significant-reduction in axial displacements indicating an overall 
reduction in the disk bending. 
For the second example, the Hawker Siddeley Dynamics Ltd model R, 
which has a flat back was assumed to represent a syrMMtric half of a 
double sided impeller, for convenience. However, the number of blades 
was changed to 7, from the original 17, so as to examine clearly the 
absence of the inter-blade bending effect in a double sided impeller. 
The finite element mesh remind the same as that shown earlier for 
m3el R in Figs 4.10(b) and 4.10(c). The analysis also remained the 
same except that, as a bcundary condition to represent the symmetric 
half, zero axial displacements were prescribed for all the nodes falling 
on the rear face of the finite element model, which now represents the 
plane of symmetry for the double sided impeller. The results obtained 
are presented in Figs 4.23(a) and 4.23(b). The notation 'rear' as used 
in the figures now represents the syn tric plane of the disk. A study 
of the results together with a comparison with results for a 
single-sided 7 bladed impeller (which are not reported), indicated the 
following. The inter-blade bending which was significant in the case of 
a single-sided nodel is totally absent in the double sided impeller, as 
is only to be expected. Both the radial and circumferential stresses 
registered a decrease, of an order of about 20 to 25% in the double 
sided impeller. 
4.7 THEPW t1 LOADING 
As detailed previously in Chapter 2, the scope of the proposed 
method of analysis is not limited to the case of centrifugal loading, 
which happens to be the case -for most of the previously available 
methods.. With minor n ifications to the programs, as described in the 
previous chapter, the analysis is easily extended to treat the other two 
types of- loading possible, ie thermal and fluid loadings. The 
following ex=,. le was considered to' illustrate it for the case of 
thermal loading. 
A steel impeller as of model P (Fig 4.1), was considered with a 
fictitious temperature distribution of 50 to 175 degrees Centigrade, 
from bore to tip of the impeller respectively, as shown in case A of Fig 
4.24(a). The stress characteristics obtained using the present finite 
element analysis are presented in Figs 4.24(b) and 4.24(c). To 
cross-check the accurxy of the results obtained, the programs were 
re-run with a new temperature distribution as shown in case B of the Fig 
4.24(a). The gradient for the case B distribution is identical to that 
for case A and the temperature distribution of case B was obtained by 
giving a step increase of 50 degrees Centigrade at all positions to the 
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distribution of case A. The stresses obtained with the. new distribution 
were identical to those obtained with the first distribution, which 
confirmed the correctness of the results obtained. The displacements 
were however different, reflecting the step increase in the tercrperatures 
throughout. The radial displacements obtained for the two cases are 
presented in Fig '1.24(d). The stress results as presented are'in 
dimensional form, as there was no reference with which to 
non-dimensionalise them. The circumferential stresses on the rear face, 
change from tensile at the bore to compressive near the tip, which 
conforms with the general pattern of the stresses expected in a disk 
with a typical temperature gradient as considered. The presence of 
blades is reflected in the stresses by means of different values for 
beneath and between the blade locations. The steep gradient in the 
thermal' distribution near the region of the tip is reflected clearly by 
the circumferential stresses, showing a similar gradient. 
4.8 FLUID PRESSURE LOADING 
As for the case of thermal loading, the general analysis was 
extended to solve an example of an itrpeller with fluid pressure loading. 
However, in this case the loading was realistic and not fictitious. The 
pressure distribution was obtained from referen: e 63, which was an 
ongoing thesis project of a Pump design and technology M. Sc student. As 
this M Sc project was concerned with the design of a centrifugal 
impeller, the necessary details of the pressure distribution for the 
particular impeller were readily available. 
The gearetric details of the impeller are reproduced in Fig 
4.25 (a) . It is -a seven bladed impeller with a cover disk and a very deep blade curvature. The impeller also has a long hub. With the 
geometry of this impeller being more couple:,, than any of the others 
considered earlier in the investigation, it also offered an opportunity 
to prove the capability of the program package to treat such rr dels. 
The analysis was first carried cut for the case of centrifugal loading 
due to rotation of the impeller, to determine the order of stresses and- 
their characteristics. Then the analysis was extended to the evaluation 
of the stresses due to the fluid pressure loading as shown in Fig 
4.25(b). 
The finite element subdivision of the'irrpeller, as used for the 
analysis, is shown in Fig 4.26(a). For a clearer impression, an exploded 
view is shown in Fig 4.26(b). . The finite element mesh of the above 
subdivision is shown in Figs 4.26(c) and 4.26(d). To sirulate the 
boundary conditions equivalent to the presence of a drive shaft, but not 
including the effects of a key-way, the circumferential displace ents of 
all. the nodes at the bore and the axial displacements of the nodes only 
on the front end of the bore were restrained. The results obtained are 
as follows. 
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The stress and displacement characteristics of the impeller due to 
centrifugal loading are shown in Figs 4.27 (a) and 4.27 (b). In the same 
figures, the characteristics of the impeller due to the combined 
centrifugal and fluid pressure loading are shown superimposed (using 
thick lines).. The stress and displacement characteristics due to fluid 
pressure loading alone are shoran in Figs 4.27 (c) and 4.27 (d) . 
Considering the characterstic curves due to centrifugal loading alone, 
it can be seen that the inter-blade bending effect due to the presence 
of relatively few blades is clearly reflected by the characterstic 
curves. Similarly, the preserve of high curvature in the blade is 
reflected by the curves, by way of a reversed inter-blade bending 
effect, near the tip region of the impeller. Considering the 
characteristic curves due to the fluid pressure loading alone, severe 
disk bending is reflected by the axial displacements and the radial 
stresses. It is less severe at the beneath the blade location showing 
the influence of the blade stiffness. The negative radial. displacements 
clearly reflect the resultant inward load on the blade, owing to the 
fluid pressure distribution. Considering now the characterstic curves 
due to the combined centrifugal and fluid pressure loading, it will be 
noticed that the inter-blade bending effect increases significantly, due 
to the addition of pressure loading. In effect, the peak stresses show 
an increase of the order of about 30 to 50%. The characteristic curves 
for the axial stresses along the bore and the radial stresses along the 
blade leading edge are shown in Fig 4.27 (e) , for both the cases of loading. The pressure loading can be seen to have only a marginal 
effect on the axial stress characteristics. 
To sum up, the radial and circumferential characteristics of an 
impeller are significantly affected by the addition of fluid pressure 
loading to the centrifugal loading. As the paak stresses increase 
significantly for this particular impeller, it ray be unwise to consider 
only the centrifugal loading, when designing' centrifugal impellers in 
general. 
n 
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5. ]. GAL DESCRC P 11 ON 
Having achieved a good degree of success in the application of 
three-dimensional finite element techniques to the static analysis of 
impellers, it was decided that an attempt should be made to extend the 
work into dynamic analysis. The dynamic analysis of an impeller is a 
problem in its owin right, and is expected to demand considerable 
computer resources. In view of the limited period 9f time and co.: tputer 
resources that were available, the initial intensions were only to make 
a survey of the various techniques available in general for dynamic 
analysis and study in particular their practical -applicability to the 
dynamic analysis of ro llers. 
favever, as it ca.. orked out later, a fair degree of success seas 
achieved in application of a new technigie for the dynamic analysis of 
impellers. The te; hnique consisted of a Fourier method of analysis 
coupled with dynamic condensation. Further progress on the work was 
mainly restricted by the limited capacity of the CE C-4070 mini-carrel*iter 
available for use. 
In this chapter, an effort is made to outline the above work, 
particularly with the intention of forming the basis for any future work 
on the subject. Owing to the practical linitations such as the time 
available for writing and the inevitable volume of the thesis, an 
indepth description of the technical details is not attempted. However, 
for the benefit of a reader who may wish to go into such details, a 
complete list of references is provided. 
5.2 1 GRI T IMS FOR MANIC ANALYSIS 
The characteristic eigenvalue problem for the dynamic analysis of a 
structure takes the general form (Ref 30), 
y 
ýKJ[ýý =W [r1]C4] .... (5.1) 
where [K] is the stiffness matrix 
IM) is the mass matrix 
& is a diagonal matrix with eigenvalues 
and [01 is the matrix of associated eigenvectors 
Historically, this problem has attracted considerable interest, and 
as a result, a variety of eigensolution techniques are available in the 
literature. Although, theoretically speaking, almost all algorithms are 
equally capable of solving any eigenproblem conpletely, their universal 
suitability is s, verely restricted by their differing demands on 
available resources. Moreover, a complete eigensolution is rarely 
attempted except in small problems (say fewer than 100 variables). In 
most practical cases, only a partial solution of the eigenspectrum v=ld 
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be sufficient, which is duly reflected in the algorithms available. 
Furtherrnore, some of the eigensolvers devised are meant to suit some 
particular special characteristics of the operator matrices. For these 
reasons, the choice of algorithm for a given problem is severely 
restricted. In the following, a brief summary of the algorithms 
available and their pr x tical applicability is described (Ref 50). 
The Generalized Jacobi and the Householder-QR I nverse Iteration 
methods appear as a first group. These are most efficient when a 
complete eigenspectrum is required. These methods are not suitable for 
large problems sirre they involve continueüs transformation of the 
original matrices, requiring their presence in the computer core all the 
time. In the next group appear the Sturm Sequence and the Determinant 
Search methods, which are suitable for large systems with small 
bandwidths. Since they are most efficient as incore solutions, they 
become prohibitive for systems with large bandwidths or for very large 
systems. For large systems with large bandwidths, when only a few of 
the _lowest eigenvalues and eigenvectors are required, the Subspace Iteration method (Ref 51) is most suitable. Each iteration in the 
method involves a solution of a static problem, equivalent to the full 
size of the problem considered, plus an elgensolution of a reduced 
system of an order equal to the number of eigenvalues and eigerivectors 
sought. Tn essence, the Subspace Iteration method is equivalent to 
solving a series of static problems by virtue of operation. This method 
is most efficiently adopted for use with the frontal concept, which 
provides for resolution facility as required for the iterations (Ref 
44). 
In e different category corms the Dynamic Condensation (Refs 
52,53,54), which is strictly speaking not an eigensolver, but is 
primarly used to reduce the size of a large problem. In this algorithm, 
the larger eigenproblem is condensed to a smaller eigenproblem in tern 
of some key variables. The resulting system is then solved using any of 
the above methods. This method gives only an approximate solution at 
the lower end of the spectrum and it may be attempted only when such a 
solution is desired. Ore again, this method is more easily adoptable 
when the frontal cor; cept is employed (Ref 44). The selection of the key 
(master) variables way be automised by use of the procedures given in 
referemes 55 and 56. 
In either the Subspace Iteration or Dynamic Condensation methods 
an eigensystem with dense coefficient matrices has to be solved as an 
ircore problem. The size of the matrices will generally be mill and a 
complete solution will be required to a high degree of accuracy. For 
this purpose the' Generalised Jacobi method is most suitable. 
For' more details on the above eigen solvers the reader may see 
references 45,50,57 and 58 are recoawended. 
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5.3 01O1(ß OF A SOTIIIEON 
It is essential to consider the various aspects such as the size of 
the basic problem, the band-width of the system matrices, the 
possibility of a reduction in the size of the basic problem etc, before 
an assessment is made *of the suitability of any of the algorithms 
described in the previous section. The first and most important factor 
which directly affects the dynamic analyis of an impeller is that the 
principle of repeatability, as used in the static analysis, is no longer 
applicable, since an impeller can have both symmetric and non synrnetric 
modes of vibration. In effect, the whole impeller must be considered 
for dynamic analysis, unlike a single repeatable segment in the case of 
static analysis. Fortunately, there'is the consolation that, reasonably 
good eigenvalues can be determined with fewer degrees of freedom than is 
required for a normal static solution (Ref 30). Taking these factors 
into account, it is possible to consider the size of a typical impeller 
problem. If the Hawker Siddeley Dynamics Ltd impeller model P (Fig 4.1) 
is considered, the finite element mesh as shown in Figs 3.3(a) to 
3.3(f), which was considered coarse for the static analysis, may be 
considered adequate for a dynamic analysis. The number of variables 
(degrees of freedom) in a single sent with such an idealisation is of 
the order of 732. For a full impeller with ten or more blades, the size 
of the problem would be of the order of at least seven thousand 
variables with a band-width of about one thousand. The number of 
frequencies which may be of interest would be at most of the order of a 
hundred corresponding to the lower end of the eigenspectrum. If the 
practical suitability of the algorithms described is considered, for the 
problem considered, it is apparent that the choice is severely 
restricted. In esserce only Subspace Iteration is feasible and even 
that algorithm would produce a problem equivalent to ten times or more 
the size of the corresponding static problem. Added to this there would 
need to be a number of resolutions of such a problem in order that the 
necessary iterations could be carried cut. Without doubt, such an 
analysis would require a fast computer with large core and peripheral 
processing facility. In view of the limited available c << ter 
resources and the very high cost of such an analysis, the possibility of 
proceding with such an attempt did. not arise. 
As an alternative approach, it was considered useful to investigate 
the possibility of carrying out an approximate analysis, which could 
reduce-the size of the problem to that of a single segment. A survey of 
the literature indicated no such information on the subject, except a 
brief note (Ref 59) which was fand to be of little use. Later, Bennett 
(Ref 60) suggested a Fourier technique for an approximate solution, 
which can reduce the size of the problem to a single repeatable segment 
(ie geometric repeatability). The Fourier method as suggested is 
separately described in Appendix-A. As envisised in the method the 
problem would reduce to a complex eigen system of an order corresponding. 
to the size of a single segment, but solved in turn for a number of 
harmonics (ie diametral nodes). The co lex matrix as obtained for a 
final eigensolution will be of general form with no spc-XAal features, to 
consider any further savings in the eigensolution. If this method is 
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adopted for the analysis, it would be necessary to have a computer 
capability with which it is possible to solve such a large eigensystem. 
Hence, even this technique as it stands, would require resources which 
are not available. However, it was proposed to try a method which would involve further approximation, but would at least enable a further 
reduction in the size of the resulting eigenproblem to be achieved. 
This method envisages the use of Dynamic Condensation prior to. the 
application of a Fourier solution suggested by pennet. The method as 
proposed is described below. 
5.4 PI POSED ME1'HDD 
In the method proposed, a single repeatable segment of an impeller is considered for the purpose of dynamic analysis. As a first step, the 
system matrices [1(1 and [Ml (stiffeners and mass matrices) are condensed 
to a smaller size, by using the method of Dynamic condensation (Refs 
52,53). The condensed marices represent only a smaller number ' of 
key 
variables. However, it should be noted, that the effect of the 
condensed variables is approximated and not neglected. Moreover, their 
values can eventually be obtained through the key variables, though with 
a reduced accuracy. Following the condensation, it is proposed that the 
Fourier solution as described in Appendix-A is now performed on'the 
smaller condensed system matrices. The resulting complex eigensystem is 
solved in turn for each harmonic (diarietral ircde) and the eigenvalu`s 
and eigenvectors are obtained in the complex form. Using the complex 
eigenvectors, ' the eigenvectors in real form may be obtained for any or 
all of the segments of the impeller. The eigenvectors as obtained 
represent only the key "variables and therefore are expanded, to 
represent all the variables, by using the method of back-substitution, 
for the dynamic condensation carried cut earlier. The expanded 
eigenvectcrs represent the mode shapes of a' segment, though only 
approximately. 
Implementation of the procedure as described above would require a 
much smaller ccx uter facility, than would any of the prccedures 
discussed earlier. However, it- is essential to undertake extensive 
testing of the procedure to establish its viability. The ca+uter 
implementation of the above procedure, as carried cut for the purpose of 
the current investigation, is described briefly in the following. 
5.5 COMP 
. I.. IMPLFME TATIal 
The computer implementation of the proposed rrtithod of analysis was 
treated as a crash programme, due to the limited period of time that was 
available for the purpose. In view of that, maxinmi use of the 
available programs for static analysis was made, wherever possible, by 
adopting suitable modifications to the programs. As the programs thus 
obtained were not purpose built, -some of the programing steps may be found to be inefficient. The overall flow diagram for the program 
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package, for the proposed method of dynamic analysis, is. as shown in Fig 
5.1. 
The first program in the package is concerned with the generation 
of a finite element mesh and the calculation of element matrices, for a 
repeatable segment of an impeller. It was derived by making a few 
simple ntdifications to the first program (Input Program) of the static 
analysis package. While there were no changes to the mesh generator, 
the main modification was concerned with the sir: ultaneous creation of an 
element mass matrix along with the stiffness matrix, in place of the 
loadvector. This, required only the substitution of a few statements in 
the main element routine. The statements corresponding to the 
application of repeatability to the boundary conditions were deleted. 
With the deletion of the repeatability conditions, the elements to the 
front may now be sequenced as they appear in the mesh generated, without 
any increase in the core required for a frontal operation. Accordingly, 
the statements corresponding to the element order to front were deleted. 
The last modification was concerned with the writing of the mass matrix 
to the output tape in place of the loadvector. 
The matrix expression used for the creation of element matrices, in 
the above, is given by, 
T 
[M) _ [NJ F [Ný .... (5.2) 4"x60 
Vo% 60x1 3x60 
where 'CMj is the'elerent mass matrix 
(N] are the element shape fur tions 
and p is the mass density df the material 
The above expression is similar but simpler than that given in 
equation (2.11), for the stiffness matrix. 
The second program is concerned with the assembly of the element 
matrices and the application of Dynamic Condensation, by the use of the 
frontal concept. It was derived by adopting a major part of the second 
program (Frontal Solution) of the static analysis package, with suitable 
modifications. The first irodification was the addition of an artifice 
in the pre-front program, in order to read a list of key variables 
(masters) from card-init. The key variables are read into the program, 
irnediately after the Usts of variables for all the elements-are read 
from the element tape, created by the first program. The progran, as 
rxxdified, treats the list of key variables as if they belong to an 
element appearing in the last. The resulting effect on the code 
generated by the pre-program, for frontal processing, is to assign 
longevities to those key variables such that they are retained in the 
core at the end of the reduction of all other non-key variables. The 
second modification was the addition of statements for simultane-ou 
assembly and reduction of the mass matrices along with the corresponding 
stiffness matrices. The new vectors created 'to treat the mass matrix 
cpe: ations are similar to those employed for the stiffness matrix. The 
76 
assembly process produced is common for both the stiffness and the mass 
matrices. The modification also included the deletion of statements 
concerned with the operations on the load-vector used for the case of 
static analysis. Dynamic Condensation was incorporated in the program 
by adopting the modifications suggested by Abbas (Refs 44,45), to the 
static reduction. The stiffness coefficients of the reduced equations 
corresponding to the condensed variables are now held in a permanant 
tape file, instead of a temporary file as used for the case of the 
static solution. These equations will be required for the 
back-substitution process, employed later in the technique, for the 
expansion of eigenvectors. At the end of the condensation, the 
condensed * matrices may contain some zero columns and rows owing to the 
frontal destinations employed. Hence, statements are added to core=r 
the matrices, by eliminating the zero rows and columns corresponding to 
the null variables. The compacted system matrices are written to a tape 
file for use in the subsequent program. The remaining part of the 
static program, concerned with back-substitution and calculation of 
stresses was deleted. - 
It may be worth pointing out at this stage that the list of key 
variables chosen Trust be such that the internal and the boundary 
variables, for the impeller segnent considered, are adequately 
represented. A complete, or near complete, condensation of boundary or 
internal varibles must be avoided, so as to ensure that the n thod 
proposed is technically viable. It is essential that the key variables 
chosen on both the boundaries must correspond to each other. 
The third program in the padkage, as sham in the overall layout 
(Fig 5.1), is concerned with the Fourier method of solution as proposed 
in the analysis. This particular program was built specifically to 
perform the Fourier solution described in Appendix A. Its operations 
may be described briefly as follows. Firstly, the program reads the 
condensed system matrices from a tape file created by the preceding 
program. Next, camplex system matrices - are ass, thled using the 
coefficients of the above matrices. Following that, the inverse of the 
cc lex mass matrix (which is. Hermitian) is obtained and is 
post-multiplied with the complex stiffness matrix. it may be recalled, 
that the product matrix [M. K] as obtained, will be of. general complex 
form (with no special features), for the purpose of eigensolution. The 
program uses suitable N ZAG library routines for the above inversion and 
the eigensolution. Once the complex eigenvectors are obtained, the real 
eigenvectors for any or all of the segments of the impeller. may be 
obtained by a simple substitution. This involves the substitution of 
real and imginary components of the complex eigenvector, for cosine and 
sine amplitudes respectively, in the basic Fourier relations adopted 
initially in the analysis. For the example considered in this thesis, 
the real eigenvectors were obtained only for the first segment of an 
impeller. The real eigenvectors are written to a tape file, for 
expansion' (by back-substitution) in the following program. The complex 
eigenvalues obtained as above would contain mainly areal part with near 
zero imaginary part. The number of 'frequencies for which the 
eigenvectors are output for each harmonic (in the lower end of the 
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. estrum) is pre-decided in the program (say 10). The whole solution, 
starting from the assembly of complex matrices, is repeated for each 
harmonic in turn. The ramber of harmonics for which the solution is 
required depends on the number of segments in the impeller considered. 
The fourth program in the package, which is a short one, is 
concerned with the expansion of the above eigenvectors, by using the 
method of frontal beak-substibition. The eigenvectors as obtained by 
the previous program are defined only in terms. of few key variables. 
Often, it is impossible to visualise the imde shapes of a structure with 
such scarce information. hence, the approximate displacements for the 
condensed non-key variables are obtained, by using the method of frontal 
back-substitution, corresponding tö the mode shape defined by the key 
variables. The program was derived by adopting the back-substitution 
part of the second program (Frontal Solution) of the static analysis 
package, with suitable modifications. The operations of the program may 
be briefly described as follows. Firstly, the eigenvectors defined in 
terms of key variables are taken as an input, one at a time, from the 
tape created by the preceding program. The bark-substibition equations 
corresponding to the condensed variables are read from another tape file 
in the reverse order (ie the equation corresponding to the variable 
condensed last is taken first). A condensed variable is evaluated by 
substituting the values for key variables and the variables evaluated 
preceding to it in the corresponding beck-substitution equation. The 
tape file referred to was created, by the second progra. n, during the 
process of the Dynamic Condensation. At the end of back-substitution, 
each expanded eigenvector is written to a tape file, for processing by 
the subsequent program. 
The fifth and last program in the package is concerned with the 
plotting of rode shapes in three-dimensional form. The expanded 
eigenvectors, as obtained from the preceding program, contain the 
relative displacements for all the structure nodes, for a given mode 
shape. However, it would be impossible to physically scan such a vast 
arrant of information and clearly visuvalise the node shape. This 
program is meant to solve such a practical difficulty. It was derived 
by readopting a major part of the first program, related to the mesh 
generator and the plotting of a 3-D view, with suitable modifications. 
The operations of the program may be described as follows. Initially, 
it reads the-geometric data of the impeller cbnsic]ered (sane data as 
that used in the first program) and creates the necessary information 
related to the ntesh, for use with the plotting of a 3-D view. Next, it 
reads the expanded eigenvcc tors, one at a time, from the tape file 
created by the preceding program. Finally, a 3-D view of the impeller 
segment (in static condition) is plotted using a particular colour pen 
on the plotter. The view is superimposed upon another 3-D view 
representing the displaced mode shape, using another colour pen and 
broken line mode. To obtain a disinct view of the mode shape, the. 
displacements as defined by the eigenvectors are suitably magnified 
before the above plotting. The process of plotting is repeated for each 
e igenvec for input from the tape. 
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5.6 RESULTS 
As a first step, a classical problem of a ring with free vibrations 
was considered, to assess the quality of the results obtainable by use 
of the Fouriez method suggested by Bennett (Appendix A) and to study the 
implications of the addition of Dynamic Condensation to it, as proposed. 
A repeatable sector of a ring, idealised with two 20-node brick 
elements, as shown in the Fig 5.2 was considered for the analysis. The 
material of the ring was considered to be steel. Initially, the 
analysis was performed without adopting any Dynamic Condensation, ie 
with all variables available for the Fourier solution. The lowest two 
frequencies for each harmonic (diametral merle) as obtained are presented 
in Table 5.1, along with the corresponding frequerroies obtained using 
classical solutions. The classical solutions for out-of-plane and 
in-plane vibrations of a ring were obtained from references 61 and 62 
respectively. The first two frequencies in the case of zero and first 
harmonics, which correspond to the rigid body modes (null energy modes) 
with zero frequencies, are not shown in the table. The frequencies as 
obtained using the Fourier solution compare very well with the classical 
solutions, confirming the capability of the Fourier solution' adopted for 
the analysis. As a next step, the analysis was repeated several times, 
but each time with an increased number of'variables being condensed, to 
study the implications of Dynamic Condensation on the results. The 
frequencies as obtained are listed in Table 5.2. in chosing the key 
variables, for convenience, either all the three degrees of freedom at a 
node were chosen, or alternatively all the three were oýnited for 
condensation. ' Alternatively, key nodes were selected. A study of the 
results indicate the following. A drastic condensation of the internal 
nodes, from 16 to 2, did. not have any significant effect on the 
frequencies obtained. Whereas a condensation of boundary variables 
showed a significant effect. With the number of nodes on each boundary 
condensed from 8 to 4, the frequencies showed only a marginal decrease 
of the order of about 1%. However, further condensation to 2 nodes 
resulted in either the out-of-plane or the inplane modes being missed, 
which depended on the particular key nodes chosen. The print output 
showed that the missing modes were replaced by spurious ones, with 
frequencies very near to zero. 
To sum up, the proposed method of analysis, of adopting Dynamic 
. Condensation prior to the application of the Fourier solution, is in 
principle viable. However, a drastic condensation of boundary variables 
should be avoided, wheras it may be permissible to severely condense the 
internal variables. Drastic condensation of the boundary variables may 
result in the elimination of flare modes altogether, possibly even those 
which lie in the lower end. of the spectrum and having considerable 
importance. 
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Table 5.1 
Ring frequencies in cycles/soc 
Harmonic Out-of-plane In-plane 
No Ref 61 Fourier Ref 62 Fourier 
2 100.295 100.5 114.647 117.82 
3 283.678 284.2 338.419 342.8 
4 543.928 544.4 661.139 663.9 
5 879.648 880.4 1079-. 426 1079.4 
Table 5`2 
Effect Of Dynamic Condensation - Ring frequencies in cycles/sec 
Key Variables Out-, of-plane In-plane 
No Node Nos Harn ic No Har t onic No 
(See Fig 5.2) 234 234 
1 All 1-32 100.5 234.2 544.4 117.82 342.8 663.9 
2 1-8,13-20,25-32 100.5 284.2 544.4 117.82 342.8 664.0 
3 1-8,14,19,25-32 100.5 284.2 544.39 117.82 342.8 664.0 
4 2,4,5,7,14,19,26,28,29,31 99.1 280.2 537.3 116.8 339.49 658.1 
5 2,7,14,19,26,31 99.1 280.2- 537.3 Mills Miss Miss 
6 4,5,14,19,28,29 Miss miss miss 115.87 338.0 656.0 
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EX\M? LE OF AN IMPEL ER 
Following the above useful experience, it was decided to undertake 
the dynamic analysis of an impeller as a sample case. A steel impeller 
with dimensions as of the Hawker Siddeley Dynamics Ltd impeller model P 
(Fig 4.1), but with only eight blades, was considered. The finite 
element mesh as shown earlier in Figs 3.3(c) to 3.3(f) was utilised. 
Owing to the limitation of the maximum core which was available on the 
GEC-4070 computer used, it was possible to solve only a complex 
eigensystem of relatively small size. In view of this, only 102 key 
variables (belonging to 34 key nodes) were considered for the analysis. 
Twelve key nodes were chosen on each boundary, while only ten key nodes 
were chosen in the rest of the internal part of the segment. An attempt 
was made however to rationalise the selection of the key nodes by using 
the criterion of high mass to stiffness ratio (Ref 55,56), but was found 
not to be feasible. Heroe a selection was made based on an engineering 
judgement. The key nodes-selected were 95,98,100,104,105,108,109, 
223,225 and 227 to represent the internal part of the segment and 2,6, 
14,17,22,24,27,29,32,34,37 and 39 to represent the first 
boundary, along with exactly corresponding nodes on the second boundary. 
With the above choice, a complex eigensystern of the order 66 was solved 
to obtain a solution, which is analysed in the following. 
Figs 5.3 (a) to 5.3 (m) show sorr. e of the vibration modes as obtained 
for the impeller considered. The harmonic number and the frequency, to 
which a node shape belongs, are marked in the diagrams. The frequencies 
as shown belong to the lower end of the eigenspectrum, as obtained from 
the solution. The accuracy of the results can only be verified either 
by an experimental investigation or at least by solving the problem a 
number of times with an increase in the number of key variables so as to 
establish the convergence. An exercise to establish the convergence was 
not feasible with the available corputer resources. Hence, only a 
qualitative assessm`nt of the results was possible, which is presented 
in the following. 
An impeller vibrating in free space can have four rigid body modes. 
in an harmonic analysis, two modes each must be represented by the zero 
and first harmonics. In the above solution, they were clearly 
. demonstrated. Fig 5.3(a) shows the two translatory rigid 
body modes 
obtained with the zero harmonic. The assosciated null frequencies were 
clearly narked. The other two rotational rigid body modes possible ware 
represented by the first harmonic as shown in Fig 5.3(d). However; 
small numerical values for thQ associated frequencies were obtained, as 
marked in the diagrams, indicating the numerical error involved in the 
above analysis. The umbrella mode possible with a zero harmonic is 
represented by the first diagram in Fig 5.3(b). In the same figure, the 
second diagram represents a mode related to blade excitation. 
Similarly, all other interesting possibilities of Mode shapes in an 
impeller are represented by the rest- of the diagrams in the above 
figures. To sum up, while the analysis is qualitatively acceptable, it 
is advised that a study for convergence is undertaken to establish the 
numerical accuracy. 
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6.1 STANZ C ANALYSIS 
The research programme has resulted in the development of a viable 
three-dimensional method of stress analysis, applicable to all types of 
centrifugal inn llers, givinq results that are very close to those which 
experiment has shown to actually exist. The analysis has no known 
limitations with regards to geometric factors such as'asyr try of disk, 
blade curvature, presence of a cover-disk or shroud , single or double 
sided impeller etc. Similarly, it can treat all of the three types of 
loading possible in an impeller, viz centrifugal, thermal and fluid. 
The investigation has resulted in the development of a corcxiter program 
package which is usable for any of the above cases. 
The investigation has proved that, by using a correct program 
layout and data management scheme, it is practicable to adept a 
three-dimensional finite element analysis for impellers on a relatively 
small computer, for example a GEC-4070 computer. It has also shown that 
the data preparation effort for such an analysis can be reduced to quite 
manageable limits, by use of a mesh generator. Earlier fears with 
regards to the practical usability of a three-dirrmensional finite element 
analysis for impellers, considering the cost and co ter layout, are 
discovered to be unfounded since it would be well. within the means of a 
small pimp ca ny, as shown by the experierce of the current 
investigation. 
The present investigation has helped to study, more closely than 
ever before, the problem of inter-blade bending in an impeller, 
particularly with regard to the number of blades. It has also provided 
for the first titre an opportunity to study the effect of-blade curvature 
on the stress charecteristics of an impeller. 
The earlier proposition that the stresses due to fluid loading may 
be neglected compared to those-due to centrifugal loading is found to be 
incorrect, at least for the test case considered. In fact, the peak 
stresses were found to increase by as Huch as 30 to 50 percent, due to 
the addition of fluid loading. 
6.2 DYN . MIt C ANALYSIS 
The extension of the investigation to dynamic analysis was quite a 
satisfying experience, particularly considering the limited period of 
time that was available for the work. A study of the sample results 
obtained indicate that , the method used was a good step in the right, 
direction. However, it would be unwise to lend any further weight to 
the adequacy of the technique employed until a'thorough test on the 
convergence of the results obtained. 
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6.3 FURTHER RESF. 2'1P. Gi 
The quality and accuracy of the results obtained for the case of 
static analysis is considered adequate and hence no furUier research is 
suggested. At best, one may find it useful to adopt necessary 
operational modifications to the program package to suit individual 
requirements. 
With regards to the dynamic analysis, it would be essential to 
carry out a test for convergence of the results obtainable by the method 
proposed, using a bigger computer. In the event of the results being 
unsatisfactory, one recourse may be to model the whole impeller and use 
Subspace Iteration, which would inevitably demand a very large ca rater 
layout. Po: sibly a last but useful step would be to conduct an 
experimental investigation to establish the accuracy of the theoretical 
results. 
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The method of cyclic sub-substructures provides an effective means 
for vibration analysis of cyclically repeated structures. The basic 
input for the analysis comprises the stiffness and mass matrices for the 
repeated sub-structure. 
The general form of the complete stiffness and mass rratrices of a 
typical structure, consisting of four repeated sub-structures is shown 
in Fig A. 1. Non-zero coefficients occur in the shaded areas only and 
the overlapping sub-matrices are *identical. A typical sub-matrix 
contains Ni internal variables and Nb boundary variables as shown in the 
figure. The form of these matrices is such that a Fourier 
transformation may be performed on the variables to convert the matrices 
into the form shown in Fig A. 2. Decoupling between the sets of 
variables takes place and the new non-zero sub-matrices are each 
functions of the original sub-structure matrices. The eigensolution can 
now be performed on one of the decoupled matrices. Details of the 
Fourier method are described in the following. 
A cyclically repetitive structure is shown in Fig A. 3, of which Fig 
A. 4 represents a typical sector. The sector boundaries need not be on 
radial lines, nor do the sectors need to be symmetric. The vector Vi 
represents the displacements of the internal nodes of the i th sector 
and Vi the displacements of the nodes on the i-l th and i th sector 
boundary. 
If we consider a typical sector, let V0, V1 and V2 be the 
displa: eirent vectors for the internal, first and second boundary nodes 
respectively. The stiffness matrix for a repeating sector can be 
written in the partitioned form as 
K11. K10 K12 
K01 K00 K02 
K21 K20 K22 .... (A. 1) 
Sire every sector is identical the assembled stiffness matrix can 
be written in the following form, which represents the asse. 'rbly for only 
a part of the total structure. 
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Vi--2 Vi-1 
K10 - K12 
KOO K02 
Vi-1 Vi vi Vi+). Vi+l 
K20 K11+K22 K10 K12 
Rol KOO K02 
1X21 K20 K11+K22 
K01 
K21 
K10 K12 
K00 K02 
K20 K11+K22 K10 
K01 ' K00 
K21 K20 .". (A. 2) 
The two rcws of the assembled ' matrix outlined above form the 
cyclically repeating secants of assembled matrices for * the i th sector 
and boundary between the i th and i-1 th sectors. 
The response (mode shapes) of the system will consist of diwreat 
harmonic variations of a refererre node shape. In performing this 
decomposition of Vi into harmonics, the number of harmonics required for 
a structure with p sectors is M, which is p/2+1 for p even and (pF1)/2 
for p odd. 
Vi= E Uc Cos (2nitr/p) 
M 
Vi= Et Cos(2ni-T/P) 
no-* 
it 
+ Us Sin(2nin/p) 
+ Us Sin (2nin/p) 
.9.. (A. 3) 
9.9. (A. 4) 
Where t L- and Us denote the amplitudes for Cosine and Sine components for 
the n th" harmonic on the boundary between the i th and i-1 th sectors. 
By trigontx tric manipulations the expressions for Vif. 1. and Vi-1 
are obtained as, 
Vit1= E[ (Cos2nv. Cos2ni rt Sin2ntr. Sin2nin) [Uc} + 
(Cos2n*r. Sin2niT ; Sin2nhT. Cos2ni r) Us]] ..:. (A. 5) P. p 
vi-1=2: [(Cos2nr. Cos2niTr+ Sin2nz. Sin2niy)IUcl j 
(Cos2nr. Sin2nitr - Sin2nTr. Cos2ni7r) {Ü ).... (A. 6) 
rrP 
Substituting the above expressions for Vi, Vi, Vi-fl and Vi-1 into 
the two rows of assembled matrix, representing the cyclically repeating 
seg nt, in Eqn (A. 2) yields two expressions for the n th harmonic. On 
urFoupling each expression into two groups belonging to Cos(2ni11/p) and 
Sin (2rlilr/p) terms, it will yield four expressions which can be written 
into - the' matrix form as shown jr. Eqn (A. 7),, with the associated 
dispt e nt vector (Uc Us Uc Ust. 
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K11+K22ý (K21+K12) .C (K21-K12). S 
K01+K02. C 
-K02. S 
-(K21-K12) .S K11+K222" (K21+K12) C 
K02. S 
K01+K02. C 
where C= cos, 2nr, 'S= Sin2nir 
pp 
K10+K20. C -K20. S 
K20. S K10}K20. C 
iC00 0 
0 I(00 (A. 7) 
In the above matrix, the first two rows correspond to the 
Cos (2nin/p) 
. and sin 
(2nitr/p) terms respectively, which are obtained fron 
the first of the two rows of the assoTbled matrix in I. qn (A. 2). 
Similarly, - the third and fourth rows above correspond to the later row 
of the assambled matrix. 
The matrix in Eqn (A. 7) now represents the uncoupled repeated 
stiffness matrix which is characteristic of the ccT1ete stiffness 
matrix for each harmonic. It can be written An brief notation as 
(n] jUn3 " 
Similar process on the mass matrix yields [Pln) (ÜnJ , where 
Lhln] has 
the same form as (Kn]. 
The vibration problem now reduces to the determination of the 
eigenvalues and the eigenvectors of the reduced system, 
([i nl - (jY[Mn)) {Ün3 -- 0.... (A. 8) 
in the above case, for a sector with Ni internal and Nb boundary 
degrees of freedom, the order of the system equation would be 2 (Ni+Nb) . 
The factor 2 reflects the phase and quadrature components of the motion. 
On eigensolution, the system leads to two sets of identical eigenvalues, 
one each frcm the phase and quadrature components. However, the 
eigenvectors of the two sets, representing the phase and the quadrature 
corponerts of the displacements will be different. 
in practice, the stiffness and mass matrices are built up and the 
notion is -solved for each harnonic (ie nodal dianp-tral : ode) of the 
system independently. In general, a typical structure with repeatable 
substructures represent a fairly large order of eigenvalue problem. The 
above procedure leads to economisatin as the eigenvalue problem is now 
solved for a reduced system representing the size of only one 
substructure. 
0 
Co lex Eigen Solution 
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Further reduction in corputer core and time can be achieved, for 
the above solution, by use of an extension to a complex eigensolution. 
The associated displacement vectcr of the decoupled stiffness 
matrix (Kren A. 7) may lay rearranged as JUc Uc Us UsJ . The rearranged 
stiffness matrix would be, 
KOO K01+K02. C 0 K02. S 
K10+K20. C Kll+K221+. (K21+K12) .C -K20. S - (K21-K12) S 0 -K02. S KOO KO1+KO2. C 
K20. S (K21-K12) .S K10+K20. C Kll+K22f (K21+K12) .C (A. 9) 
Uc; Us 
Set Vc= , Vs= 
Uc Us 
I KOO KO1+KO2. C KA= and 
K1OFK20. C K11+K211- (K21+I 12) .C 
10 K02. S 
Kg- 
-K20. S - (K21-K12) S.... (A. 10) 
The stiffness matrix can now be written in the form 
KID -KB] Vc LicB 
KA IVs j...... (A. 11) 
The above matrix'can be condensed to a complex matrix of the form 
[Z +" jKB] " with n associated conglex displacement vector {VC+" jVsJ . This 
condensation can be shown by the following simple expansion and 
comparison. 
Eqn (A. 11) on expansion gives 
KA VC - KB Vs . ... (A. 12) KB Vc + KEA Vs .... (A. 13) 
The complex form EKAF jI'B] lVcf jV3} gives 
real KA Vc - KB Vs (A. 14) 
IMýaj j (KB Vc + KA Vs) ...... (A. 15) 
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An inspection of the above four equations shows the equivalent 
form. The real dynamic eigenegiation, Eqn (A. 8) , can be now written in 
complex form as 
v 
([KAF jFB), -w (14A. j BJ) { Vc+jvsJ =o 
It may be written for a solution as, 
(C'" -i B] CKA+jIM) - wEZ]) ivc+Fjvs; =o 
. (A. 16) 
(11.11) 
There are several special features of the matrices, derived above, 
which are worth noting. The stiffness matrix in Eqn (A. 11) is 
symrrtric as it is derived from a conservative structure. Then[KA] must 
be symietric ar CK6] skew-synmtric. The complex form [KA+j%B] is known 
as Hermitian. However, the product matrix [WK] is not a Hermitian and 
requires a general complex eigen: olution. In practice, the eigenvalues 
are algebrically complex but numerically real with the imaginary part 
typically of order lOE-10 (for Double Precision arithmatic).. 
The change to complex rthod reduces the commuter core requirement 
by 50% and results in a large saving in time, as a reduction of the 
order of the matrix problem by half easily offsets the expansion due to 
the use of ccT lex arithmatic. 
4 
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FIG 1-1 A Typical Centrifugal Impeller. 
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Ficj 3.1 Overall flow diagram 
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Start 
Input of material properties and 
parameters for mesh generation 
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Expansion of elenent variables and 
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and load vectors and writing them to 
tape for input to frontal solution 
End 
Fig 3.2 Flow diagram of Input Pragratte 
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3-0 FINITE ELEMENT MODEL OF IMPELLER BLADE SEGMENT 
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DRAWN IN MM SCALE: 55.03 TIMES THE SUPPLIED UNITS 
IMPELLER MODEL-R MESH III 
FIG 410(a) 
141 
Z Y-T Plane of Layer 
DQA'aN IN N11 SCALE: 55.02 TIMES THE SUPPLIFO UNITS 
Sheet 1 
v 
44 1 
43 
Z Y-Y PLane of Layer 2 
DPAYN IN iß1 S. ^ALE: 55.33 TIMES Ti', [- SUPPLIED UNITS 
Sheet. 2 
FIG 4.10(b) 
Z X-X Ptane 
IMPELLER MODEL-R MESH 11I 
z X-X Planc 
; iiPELLER MODEL-P. Iii. SI I! I[ 
1 
842. 
11 - a----(m 
ý75 76 77 73 
Z X-X Plane Z Y-Y Plane oP Layer 3 
DRAWN IN ri SCALE: 55. Cä LIMES THE SUPPLED WITS 
IMPELLER MODEL-R MESH III Sheet 3 
z X-X Plane 
IMPCLLER MOCCL-R MESH 11I 
Z 
.' 
MAW, 1w Wi SCAI. r: SS, P. 3 T1MS T!! [ SUARO UNITS 
Sheet. 4 
FIG 4-10(c) 
79 \ 83 81 82 
75 76 77 a 73 
n----ý, 
1.10, 
110N-DIN 
STP, ES 
, y0 
. 80 
. 70 
. 60 
. . 4eß 
143 
STRESS COUST. = 129.25 
TIP RADIUS = 2.615 
REAR ~-- CENCAYI1 VANE 
-- -- -- - GETk'EEN VANES 
FHOTOELASTIC 
FINITE ELEMENT 
FINITE DIFFERENCE 
. 29_ 
. 10 
. 91 
. 03 . 10 . 20 . 30 . 40 . 50 . 60 . 70 . 83 . 
90 1.23 
. 60 
NON-DIM RADIUS 
NON-DIM 
STRESS 
. 50 
FRONT 
PHOTOELASTIC 
"40.. FINITE ELEMENT 
FINITE DIFFERENCE 
. 32 
. 2ß 
, 7, zß r,., 
ýrr 
rJrT, ýrr+ rrr,?,,, -r rr-t r., . T, -rrrrr rrr. T, , 
. ti 0 : 10 . 3a. . 40 . 50 . 60 . 70 . 83 . 90 1.00 
NON-DIM RADIUS 10- 
gei 
-. 20 . 
RADIAL STRESSES 
-'3a IMPELLER MODEL -R MESH III 
-, 4a FIG 4.11 (a) 
1.00 144 
NON-DIM 
" 
STRESS STRESS CONST. = 129.25 
"90 TIP RADIUS = 2. G15 
REAR BENEATH VANE 
"80: 
-~ --- - BETWEEN VANES 
, 70' 
"50PNOTOEI_ASTIC "` FINITE ELEMENT 
FINITE DIFFERENCE 
. 40 
X 
. 20 
. 10 sý `, 
"\ 
. 00 *Tr. T, Y*, Y*r*******ý 
. 00 . 10 . 20 . 30 . 40 . 50 . 60 . 70 , 80 . 50 1.03 
. 60 
NON-DIM RADIUS 
NON-DIM 
STRESS 
ßv0 ý` 
FRONT PHOTOELASTIC .l FINITE ELEMENT 
. 10 T 
FINITE DIFFERENCE 
. s0 
1f--- 
, 20 
. 10- 
. 00T 
00 10 
- 
. 2_ !.. 3 
10 
. 50 . 60 . 70 
' 
. 80 . sa 1.03 
NON-DIM RADIUS 
-. 20 
CI RCUrIFEREPd. r I AL STRESSES 
-. 30 IMPELLER MODEL -R MESH III 
-. ý0 FIG 4.11(b) 
tION-DIM 
STRESS STRESS CONST. = 129.25 
TIP RADIUS = 2.015 
TIP AXIS = 1.330 
rrr1ý R cýrýqýTTý n *t 
. 40 . 30 . 20 . 10 . 00 
NON-DIM AXIS 
CES ALONG-THE BORE 
NON-DIil 
STRESS 
. 50 
PHOTOELASTIC 
'40 
FINITE ELEMENT 
FINITE DIFFERENCE 
. 30- 
. 2& . 
-. 00 
rr" . 0 . 10 . 20 . 50 G9 .. 70 8a 9a 1.00 
_. 10 
NON=DIM RAD IUS 
-. 20 . 
RADIAL STRESS ON BLADE LEADING EDGE 
-. 3a IMPELLER MODEL - R MESH III 
-. ýa FIG 4.11 (c) 
146 
3-D FINITE ELEMENT MODEL OF IMPELLER ELADE SEGMENT 
DRAWN IN MM SCALE: 55.00 TIMES THE SUPPLIED UNITS 
FIG 4.12 DISK FROM IMPELLER MODEL-P MESH III 
t. oa 
rioýd-aIM 
STRESS 25 
ýE 
NGN-DIM 
. 
STRESS 
.4 
"LV 
. 10 
-. 00 
ý0 
-. 10- 
-. 20 
-. 30 
-. q0 
IA tl 
FRONT 
. 8a . sa 1. D© 
NDýJ=DIM RADIUS 
FINITE ELEMENT 
FINITE DIFFERENCE 
ö_TQ0s Thrrr rrrTrtý rý rs r '1rý T"*rrm rt j-rrrrrrrn ýrrrr ,. rr; 
ý" / .ý . 50 . 60 l/ . 
70 . 60 . 90 1.00 
/"/ 
NON-DIM RADIUS 
RAS) STRESSES 
DISK FROM IMif 4 DEL -P MESH III 
FIG 4"13(a) 
. 
1.00 148 
NON-D 111 . 
STRASS STRESS COPIST. = 129,25 90- TIP RADIUS = 2. G15 
REAR 
. a0 
. 701 ... _x--x 
FINITE ELEMENT 
. G0 FINITE DIFFERENCE 
. 50 ý"ýýý' 
. 32 \ 
. 20 
\ 
. 10 ' 
. 00 . 10 . 20 . 30 " . 40 . 50 
. Go- 
NON-DIM 
STRESS 
. 50 
FRONT 
. 40 
rrrrrrr"rrrrr"rrra 
7e . De 99 1.00 
NON-DIM RADIUS 
FINITE ELFNENT 
FINITE DIFFERENCE 
. 20 "y. 
ý, ` 
. 10 
. 00 TH , ,,, n, fT,,, n, T,, .. m rrr .... r lj rrrrrm, Trrrr"" 0 . 10 .2 . 30 . 40 , . 63 . 90 1.09 
NON-DIM RADIUS 
-. 20 
% CIRCUMFERENTIAL STRESSES 
-. 30 ! DISK FROM IMPELLER MODEL -P MESH III 
-. 40 FIG 4-13(b) 
149 
N 
7 
V 
L 
a 
[C 
W 
J 
tIJ 
0 
U. u. 
0 
M ý"r` 
ýN 
m 
x" 
iý 
ýl_ M I*rýmýftýmtemT*tr+ 9dN 
X0 (9D 
rX- 
N 
.ýN 
r 
[CN 
11 F"< 
( 
1. - Fk 9t j 
ý. 
r 
LU 
N 
º-' N 
ýl 
LI 
m 
13 
LL 
LL1 
[Y 
C7 
ro 
L 
C7 
Z 
V 
mac: 
u7 
ui 
N 
cn 
uj 
(ne 
fn 
r, 
rrrnrm"rrrrnrr+rrr+r"rrrnrr"n]rr. r7r"mrr.. ty]. r ý r1 
r-+ y 
Ll V] 
1 IJI 
CJ 1- 
Lyý 
150 
0. 
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FIG A"1 General Form of Stiffness and Mass 
Matrices of Typical Structure with 
Four Repeated Sub-Structures. 
2 (Ni+ Nb) 
FiG A"2 Form of the Decoupied Stiffness or 
Mass Matrix after a Fourier 
Transformation. 
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FIG A"4 A Typical Repetitive Sub-Structure. 
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